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PREFACE

This set of lecture notes has its origin in a nearly incomprehensible counserge theory
that | took as a first-semester graduate student at MITgday; as a teachand in these notes, is
to present inverse theory in such a way that it is not only comprehensible but useful.

Inverse theoryloosely defined, is the fine art ahferring as much apossible about a
problem from all available information. Information takes kbt traditionaform of data, aswell
as the relationship between actual and predicted data. In a nuts-addfindion, it isone (some
would argue théest!) way to find and assesghe quality of asolution to somegmathematical)
problem of interest.

Inverse theoryhas two main branches dealingvith discrete and continuousproblems,
respectively. This text concentrates on the discre@se, coveringgnoughmaterialfor a single-
semester course. A background linear algebra,probability and statistics, and computer
programming will make the material much more accessible. Review material is providediost the
two topics in Chapter 2.

This text could stand alone. However, it was written to complement and extendténzl
covered in therequiredtext for the course, whichdeals more completelyith some areas.
Furthermore, these notesakenumerous references to sectionghe required text. Besides, the
required text is, by far, the best textbook on the subject and should be a part of the library of anyone
interested in inverse theory. The required text is:

Geophysical Data Analysis: Discrete Inverse Theory (Revised Edition)
by William Menke, Academic Press, 1989.

The course format igargely lecture. Wamay, from time to time, read articles from the
literature and work in a seminar format. will try and schedule a couple of guest lectures in
applications. Be forewarned. There is a lot of homevi@rkhis course.They are occasionally
very time consuming. Imake evengeffort to avoid pure algebraic nightmares, but my general
philosophy is summarized below:

| hear, and | forget.
| see, and | remember.
| do, and | understand.
— Chinese Proverb

| try to have you do a “simple” problem by hand before turning you looskeoocomputer, where
all realisticproblems must be solvetou will alsohaveaccess to existing code and a computer
account on mySPARC10workstation. You may use and modifythe codefor some of the
homework andor the term project. The term project is an essential part of the legricgss
and, | hope, will help you tie the course work together. Grading for this course will be as follows:

60% Homework
30% Term Project
10% Class Participation

Good luck, and mayyou find the trade-offoetween stabilityand resolution lesgaumatic
than most, on average.

Randy Richardson and George Zandt
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CHAPTER 1: INTRODUCTION

1.1 Inverse Theory: What It Is and What It Does

Inverse theory, at least as | choose to define it, is the fine art of estimating model parameters
from data. It requires a knowledge tbe forward model capable of predicting data if the model
parameters were, in fact, already known. Anyone who attempts to solve a problem in the sciences is
probably using inverse theory, whether or not heha isaware of it. Inverse theoryhowever, is
capable (at least when properly applied) of doing much more than just estimating model parameters.
It can beused toestimate thé'quality” of the predicted model parameters. It canubed to
determine which model parameters, or whicbmbinations of model parameters, drest
determined. It can be used to determine which data are most important in constraining the estimated
model parameters. It can determine the effecthi@$y data on the stability of theolution.
Furthermore, it can help in experimerdaisign by determining/here, what kindand how precise
data must be to determine model parameters.

Inverse theory is, however, inherently mathematical and asdaedhaveits limitations. It
is best suited to estimatindpe numerical values ofand perhaps some statistiabout, model
parametergor someknownor assumednathematicamodel. It islesswell suited toprovide the
fundamental mathematics or physics of the model itself. | like the exaigld Tarantola gives

in the introduction of his classic bdoén inverse theory. He says, “. yau can always measure
the captain’s age (for instance by pickinghis passport), buthere arefew chancesfor this
measurement to carry much information on the numbenasits ofthe boat.” You must have a
good idea of the applicable forward model in ordetak® advantage of inversigeory. Sooner or
later, however, most practitioners become rather fanatical about the benefits of a particular approach
to inversetheory. Considethe following as an example diow, or how not, toapply inverse
theory. The existence or nonexistence of a God is an interesting question. tmangéowever,
is poorly suited to address this question. However, if one assumes that there iaral thatlShe
makes angels of a certasize, then inverseheory mightwell be appropriate to determine the
number of angels that could fit on the head of a plow, whosaid practitioners oihverse theory
tend toward the fanatical?

In the rest of this chapter, | will give some useful definitions of termsatiatome uptime
and again in inverse theory, and give some examples, mostlyMeamke’s book, of how to set up
forward problems in an attempt to clearly identify model parameters from data.

linverse Problem Theorpy Albert Tarantola, Elsevier Scientific Publishing Company, 1987.
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1.2 Useful Definitions

Let usbeginwith some definitions of thingkke forward andinversetheory,modelsand
modelparametersdata, etc.

Forward Theory: The (mathematicalprocess ofpredicting databased on some physical or
mathematical modelith a givenset of model parameters (apdrhaps some other appropriate
information, such as geometry, etc.).

Schematically, one might represent this as follows:

model parameter

4

—4 | model | ——p | predicted datal

As an examplegonsiderthe two-wayvertical travel time of a seismiovavethroughM layers of
thicknesd; and velocity;. Thent is given by

t=22% (1.1)

The forward problentonsists ofpredicting datgtravel time)based on #mathematical) model of
how seismicwaves travel. Supposethat for some reason thicknesgas knownfor each layer
(perhaps from drilling). Then onlhe M velocities would beonsidered model parameters. One
would obtain a particular travel tiniéor each set of model parameters one chooses.

Inverse Theory. The (mathematicalprocess ofpredicting (or estimating) the numericalalues
(and associated statistics) of a set of model parameters of an assumebtiasededn a set afata
or observations.

Schematically, one might represent this as follows:

> predicted (or estimated))
data model —> model parameters

As an example, one might invert ttravel timet above to determine tHayer velocities. Note that
one needs to knowhe (mathematical) model relatirigavel time tolayer thickness angelocity
information. Inverse theory should not be expected to provide the model itself.

Model: The model is the (mathematicaBlationship between model parameteftand other
auxiliary information, such as the layer thickness information in the previous example) and the data.
It may be linear or nonlinear, etc.

Model Parameters The model parametesse the numerical quantities, or unknowns, tra is
attempting to estimate. The choice of model parametarsually problemdependent, anduite
often arbitrary. For example, in thecase oftravel times cited earlierJayer thickness isnot
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considered a model parameter, while layaocity is. There is nothing sacred about these choices.
As a furtherexample,one mightchoose to caghe previous example in terms efownesss,

where:
s = 1/ 1.2

Travel timet is a nonlinear function of layeelocitiesbut a linear function of layeslowness. As

you might expect, it is much easier to solve linear than nonlinear inverse problems. genmue
problem, however, isthat linearand nonlinear formulations may result in different estimates of
velocity if the data contain any noise. The point | am trying to impreg®omow is that there is
quite a bit of freedom in theray modelparameters are chosen, and it can affect the answers you
get!

Data: Data are simply the observations or measurements one makeattanapt toconstrain the
solution of some problem of interesilravel time inthe example above is an example of data.
There are, of course, many other examples of data.

Some examples of inverse problems (mostly from Menke) follow:

Medical tomography

Earthquake location

Earthquake moment tensor inversion

Earth structure from surface or body wave inversion
Plate velocities (kinematics)

Image enhancement

Curve fitting

Satellite navigation

Factor analysis

1.3 Possible Goals of an Inverse Analysis

Now let usturn ourattention tosome ofthe possible goals of amverseanalysis. These
might include:

Estimates of a set of model parameters (obvious).

Bounds on the range of acceptable model parameters.

Estimates of the formal uncertainties in the model parameters.

How sensitive is the solution to noise (or small changes) in the data?

Where, and what kind, of data are best suited to determine a set of model parameters?
Is the fit between predicted and observed data adequate?

Is a more complicated (i.e., more mopatameters) model significantly better than a more
simple model?

NoohkwhE

Not all of these are completely independgpals. It isimportant torealize, asearly as possible,
that there is much more to inverse theory than simply a set of estimated model paraifsigeits.
is important to realize that there is very often not a single “correct” answer. Umhkéhematical
inverse, which either exists or does not exist, there are pwssibleapproximate inverses. These
may give different answers. Part of the goal of an inverse analysisiéetmine if the'answer”
you haveobtained is reasonableglid, acceptable, etc.This takesexperience, of courséut you
have begun the process.
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Before going onwith how to formulate the mathematicahethods ofinverse theory, |
should mention that there artwo basic branches oiversetheory. In the first, themodel
parameters andata are discrete quantities. In the second, thegarnuous functions. An
example of the first might occur with the model parameters we seekdiegmby themoments of
inertia of the planets:

model parameters #, 15,13, ... ,l10 (1.3)
and the data being given by the perturbations in the orbital periods of satellites:
data =T1, Ty, T3, ..., TN (1.4)

An example of acontinuous function type of problemight begiven by velocity as a
function of depth:

“model parameters” =(2) (1.5)

and the data given by a seismogram of ground motion
“data” = d(t) (1.6)
Separate strategiémvebeen developetbr discrete and continuousversetheory. There
is, of course, a fair bit odverlap between the two. In addition, itaken possible t@pproximate
continuous functionsvith a discrete set ofalues. There are potentiptoblems (aliasing, for
example) with this approach, but it often makes otherwise intragiediddemstractable. Menke’s

book deals exclusively with the discrete case. This cauliseertainly emphasize discrete inverse
theory, but | will also give you a little of the continuous inverse theory at the end of the semester.

1.4 Nomenclature
Now let us introduce some nomenclature. In thesses, vectorswill be denoted by
boldface lowercase letters, and matrices will be denoted by boldface uppercase letters.

Suppose one makébsmeasurements in a particular experiment. We are tryidgtesmine
the values oM model parameters. Our nomenclature for data and model parameters will be

data:d = [dy, dp, dg, ... ,dN]T 1.7)
model parameteran = [my, mp, Mg, . . . ,my] T (1.8)

whered andm areN andM dimensional column vectors, respectively, and T denotes transpose.

The model, or relationship betwegmndm, can have many forms. These can generally be
classified as eithaxplicit orimplicit, and eithetinear or nonlinear

Explicit means that the datand model parametecan be separated onto differesitles of
the equal sign. For example,

di = 2ng + 4my (1.9)
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and
dp = 2m +4mg mp (1.10)

are two explicit equations.

Implicit means that the dat@annotbe separated on one side of an egigh with model
parameters on the other side. For example,

di(mg + my) =0 (2.11)
and
di(m+mémy) =0 (1.12)

are two implicit equations. In each example above, the first represkmesirarelationshipbetween
the data and model parameters, and the second representimearrelationship.

In this course wevill deal exclusively wittexplicit type equations, and predominandith
linear relationships. Then, thexplicit linearcase takes the form

d=Gm (1.13)

whered is anN-dimensional data vectam is anM-dimensional model parametegctor,andG is
anN x M matrix containing only constant coefficients.

The matrixG is sometimegalled thekernel or data kernelor eventhe Green’s function
because of the analogy with the continuous function case:

d(x) = J’ G(x, t)m(t) dt (1.14)

Considerthe following discrete case examplgth two observations N = 2) andthree
model parametersM = 3):

dy
d>

2m + 0mp — 4mg

My + 2, + ANy (1.15)

which may be written as
[]
Eho 2 0 -4 i 1.16
H B 2 sH®D (146
-
or simply
d=Gm (1.13)
where

d = [dy, do] T
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m = [y, My, mg] T

and

0 -4
ng , 3@ (1.17)

Thend andm are 2x 1 and 3x 1 columnvectors, respectivelyand G is a 2x 3 matrix with
constant coefficients.

On the followingpages Iwill give some examples dfiow forwardproblemsare set up
using matrix notation. See pages 10-16 of Menke for these and other examples.
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1.5 Examples of Forward Problems

1.5.1 Example 1: Fitting a Straight Line (See Page 10 of Menke)

T (temperature)

Z (depth) —_—

Suppose thall temperature measuremeiiisare made atlepthsz; in the earth. Theata
are then a vectat of N measurements of temperature, whibre[Ty, Tp, T3, . . ., T\]T. The depths
z are not data. Instead, they provide some auxiliary informatiordésatibegshe geometry of the

experiment. This distinction will be further clarified below.
Supposehat weassume anodel in which temperature is a lindanction of depth: T

a+ bz The intercepa and slopeb then formthe twomodel parameters of the problem,
[a, b]T. According to the model, each temperature observation must Jatisty- zl

Ti=a+bz
To=a+bao

TN - a +bzy

These equations can be arranged as the matrix eqGationd:

- [
PO,
|:|El|:||||:||:||:|
mulniwium

o N
Cogid o
1101

N
2




Geosciences 567: CHAPTER 1 (RMR/GZ)

1.5.2 Example 2: Fitting a Parabola(See Page 11 of Menke)

T (temperature)

Z (depth) —_—
If the model in example 1 is changedassume @uadratic variation of temperatuvath
depth of the fornT = a + bz+ cZ, then a new model parameter is added to the prololem [a, b,
c]T. The number of model parameters is idw 3. The data are supposed to satisfy

Ti=a+bz +cZ
h=a+bz +cz

'I',\j.:a+bz,\|+cz,2\I

These equations can be arranged into the matrix equation

ono @ z Z0
o, 0 4 o (180
02 0= %) Zz%ﬁ
D:o g o OJ0
O O » OEE

NO B zy g

This matrix equation has the explicit linear foBm = d. Notethat, although the equation
is linear in the data and model parameters, it is not linear in the auxiliary variable

The equation has a very similar form to the equation of the preei@mple, whichbrings
out one of the underlyingeasons foremploying matrix notation: it can often emphasi:
similarities between superficially different problems.
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1.5.3 Example 3: Acoustic Tomography(See Pages 12-13 of Menke)

Supposethat awall is assembled from a rectangular array boicks (Figure 1.1 from
Menke, below) and that each brick is composed of a different type of clay. If the aveldstites
of the different clays differ, one miglattempt todistinguishthe differentkinds of bricks by
measuring the travel time of sound across the various rows and columns of bricksyaii. thehe
data in this problem aifé = 8 measurements of travel timds; [Ty, T, T3, . . . ,Tg]T. The model
assumes that each brick is composed of a uniform materiaghanthetravel time ofsound across
each brick igproportional to thevidth and height of the brick. The proportionality factor is tije
brick’s slownesss, thusgiving M = 16 model parametem) = [s;, S, S, . . . ,S16]T, Where the
ordering is according to the numbering scheme of the figure as

5t =t -F > -[Ex

13 | 14 15 16

The travel time of acoustic waves (dashed lines) through the rows and columns of a square frray of
bricks is measuredith theacoustic source S amdceiver R placed on thedges ofthe square.
The inverse problem is to infer the acougtroperties of thebricks (which areassumed to be
homogeneous).

row 1: T1=hs +hs; +hsg + hy
row 2: To=hss +hsgs + hsy + hgg
colu:mn 4. T8::hs4+hse+h312+h516
and the matrix equation is
Mo @ 11 21000000O0O0O0O0O0 0OMs0O
2&&)000111100000000%%

0:0 0 oo oiofoioroiotoiotoitoomig
HH Woo10001000100 0 1fH

Here the bricks are assumed to be of wattt heighth.
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1.5.4 Example 4. Seismic Tomography

An example of the impact of inverse methods in the geosciences: Northern California

A large amount of data is available, much of it redundant.

Patterns in the data can be interpreted qualitatively.

Inversion results quantify the patterns.

Perhaps, morenportantly, inversenethodsprovide quantitativénformation on the resolution,

standard error, and "goodness of fit."

We cannot overemphasize the "impact" of colorful graphics, for both good and bad.

» Inverse theory is not magic bullet. Bad datawill still give bad resultsand, interpretation of
even good results requires breadth of understanding in the field.

* Inverse theorydoesprovide quantitativenformation on howwell the model is "determined,”
importance of data, and model errors.

* Another example: improvements in "imaging” subduction zones.

1.5.5 Example 5: Convolution

Convolution is widely significant as a physical concept affiers anadvantageous starting
point for many theoretical development®©neway tothink about convolution is that describes
the action of an observing instrument when it takes a weighted mean of some physical auentity
a narrow range of somariable. All physical observations atenited in this way, and for this
reasonalone convolution isibiquitous (paraphrsed froBracewell, The Fourier Transform and
Its Applications 1964). It iswidely used intime series analysis asell to represent physical
processes.

The convolution of two functions f(x) and g(x) representeiaisg(x) is

J’ o}(u) g(x—u) du (1.18)

For discrete finite functions with common sampling intervals, the convolution is

m
hk:Zfigk_i 0<k<m+n (1.19)
1=0

A FORTRAN computer program for convolution would look something like:

L=M+N-1
DO 10 I=1,L
10  H(1)=0
DO 20 I=1,M
DO 20 J=1,N
20  H(I+J-1)=H(+J-1)+G()*F(J)

Convolution may also be written using matrix notation as

10
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ofh 0 O O O o0Q

0, f 0 O O 00O

0o f, 0 0O 0 OO0 mo goh O
SDDDDDDD[QZDDFIQD

58 0 5 eddnn 0 a0
) f, 00008 0000 g0

00 0 000 05 BmB Bhemad

o0 O O O 0O O

0 0 O O O fQg

In the matrix form, we recognizeur familiar equationGm = d (ignoring the confusing
notation differences between fieldghen,for example,g, above would ben;), and we can define
deconvolution as the inverse problem of finding= G™'d. Alternatively, wecanalso reformulate
the problem a&TGm = GTD and find the solution am = [GT]-1 [GTd].

1.6 Final Comments

The purpose of the previous examples has been toybelformulate forward problems in
matrix notation. Ithelps you toclearly differentiate model parametdr®m other information
needed to calculate “predicted” data. It also helps you separate daeviohing else. Getting
the forward problem set up in matrix notation is essential before you can invert the system.

The logical next step is to take the forward problem given by

d=Gm (2.13)
and invert it for an estimate of the model parametéfsas
mest= G'inverse” d (1.17)

We will spend a lot of effort determining jushat G'inverse” means when the inversies
not exist in the mathematical sense of

GG'inverse” = G'inverse’'G = | (1.18)

wherel is the identity matrix.

The nextorder of businesdjowever, is tcshift ourattention to areview of the basics of
matrices and linear algebras well agprobability and statisticén order totake full advantage of
the power of inverse theory.

11
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CHAPTER 2: REVIEW OF LINEAR ALGEBRA AND STATISTICS

2.1 Introduction

In discrete inverse methods, matrices and linear transformations play fundamental roles. So
do probability and statistics. This review chapter, then, is divided into two parts. In the finstt, we
begin by reviewing the basics of matrix manipulations. Themvilentroduce some special types
of matrices (Hermitian, orthogonal and semiorthogonal). FinallywiWdook at matrices anear
transformationsthat can operate on vectors ofhe dimension and return \&ctor of another
dimension. In thesecondsection, wewill review someelementary probability and statistiasith
emphasis on Gaussian statistics. The material ifirtesectionwill be particularly useful inlater
chaptersvhen we cover eigenvalygoblems, and methods based tbhe length of vectors. The
material in the second sectianll be very usefulwhen weconsiderthe nature ohoise inthe data
and when we consider the maximum likelihood inverse.

2.2 Matrices and Linear Transformations

Recall from the first chapter that, by convention, vectors will be denoted by lower case letters
in boldface (i.e., the data vectdy; while matriceswill be denoted by upper casetters in boldface
(i.e., the matrixG) in these notes.

2.2.1 Review of Matrix Manipulations
Matrix Multiplication

If A is anN x M matrix (as inN rows byM columns), and is anM x L matrix, we write
theN x L productC of A andB, as

C=AB (2.1)
We note that matrix multiplication is associative, that is
AB)C =A(BC) (2.2)
but in general is not commutative. That is, in general
AB # BA (2.3)
In fact, if AB exists, then the produB®A only exists ifA andB are square.

In Equation(2.1) above theijth entry inC is the product of théh row of A and thejth
column of B. Computationally, it is given by

12
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M
=1

One way to fornC using standard FORTRAN code would be
DO3001=1,N
DO300J=1,L
C(1,J)=0.0
DO300K=1,M
300 C(l1,9) =C(1,9) + A(ILK)*B(K,J) (2.5)

A special case of the general raleove is the multiplication of a matr® (N x M ) and a
vectorm (M x 1):

d = G m (1.13)
Nx1) NxM) (Mx1)

In terms of computation, the vectbis given by

M
=1

The Inverse of a Matrix

The mathematical inverse of thd x M matrix A, denotedA-1, is defined such that:
AA-1=A-1A =1, (2.7)

where |, is the M x M identity matrix given by:

%) 1 0
o oo (2.8)
0 - 0 1

M x M)

A-1is the matrix, which when eithgre- or postmultiplied byA, returnsthe identity matrix.
Clearly, since only squarenatrices carboth pre- and postmultiplgach other, the mathematical
inverse of a matrix only exists for square matrices.

A useful theorem follows concerning the inverse of a product of matrices:

13
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Theorem: If A =B C D
NxXxN NxN NxN NxN

ThenA-L, if it exists, is given by

A-1 = D-1C-1B-1

Proof: A(A-Y) =BCD(D-1C-1B-])
= BC (DD-1) C-1B-1
=BC| C1B-1
=B (CC-}) B!
= BB-1

Similarly,

A-)A = D-1C-1B-1BCD = M= |

(2.8a)

(2.8b)

(2.8¢)

(Q.E.D.)

The Transpose and Trace of a Matrix

The transpose of a matuxis written asAT and is given by
AT =Aj

That is, you interchange rows and columns.

(2.9)

The transpose of a product afatrices is the product of tleansposes, imeverseorder.

That is,
(AB)T = BTAT

(2.10)

Justabout everything we dwith realmatricesA has aranalogfor complex matrices. In
the complex case, wherever the transpose of a matrix occurs, it is replaced by the complex conjugate

transpose of the matrix, denotéd That is,

if AI] = aij + bljl
then /&” = Cij + d”l
where Cj = &;

14

(2.11a)

(2.11b)

(2.11c)
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and d'J = _bjl (led)
that iS, Alj = aji _bjll (lee)
Finally, the trace oA is given by
M
trace (A) = Z & (2.12)

1=1

Hermitian Matrices

A matrix A is said to be Hermitian if it is equal to its complex conjugyaespose.That is,

A=A (2.13a)
If A is a real matrix, this is equivalent to

A= AT (2.13b)
This impliesthat A must be squareThe reasonthat Hermitian matricewiill be important isthat

they haveonly real eigenvalues. Wuwill take advantage ahis many timesvhen weconsider
eigenvalue and shifted eigenvalue problems later.

2.2.2 Matrix Transformations
Linear Transformations

A matrix equation can be thought of as a linear transformation. Corfsidexample, the
original matrix equation:

d=Gm (1.13)

whered is anN x 1 vector, m is anM x 1 vector, ands is anN x M matrix. The matrixG can be

thought of as an operatahat operates on arM-dimensional vector m and returns an
N-dimensional vectod.

Equation (1.13) represents aexplicit, linear relationshipbetween the datand model
parameters. The operat@r in this case, is said to be linear becauseif doubled, for example, so
is d. Mathematically, one says thatis a linear operator if the following is true:

If d= Gm
and f= Gr
then @ +f]=G[m +r] (2.14)

15
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In another way to look at matrix multiplications, in the by-now-familiar Equation (1.13),

d=Gm (1.13)
the column vectod can be thought of as a weightam ofthe columnsof G, with the weighting
factors being the elementsim That is,

d =mg; + mMyg, + [ My gy (2.15)
where
m=[my, my, ... ,myl" (2.16a)
and
Gi = [91i Gai» - - - Ol (2.16b)

is theith column ofG. Also, if GA =B, then the above can be used to infer thafiteecolumn of
B is a weighted sum of the columns®@fwith the elements of thérst column ofA as weighting
factors, etc. for the other columnskf Each column oB is a weighted sum of thelumnsof G.
Next, consider
dT = [Gm]T (2.17)

or

d = mT GT (2.18)
1x N 1xM MxN

The row vectodT is the weighted sum of tllews of GT, with the weighting factors again being the
elements im. That is,

dT = mg] +mygl + T mygy, (2.19)
Extending this to
ATGT = BT (2.20)

we have that each row Bf is a weighted sum of th®ws of GT, with the weightingactors being
the elements of the appropriatav of AT.

In a long string of matrix multiplications such as
ABC =D (2.21)

each column ob is a weighted sum of thelumnsof A, and each row ob is a weightedsum of
therowsof C.

16
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Orthogonal Transformations

An orthogonal transformation is otigat leaves théength of avectorunchanged. We can
only talk about the length of a vector being unchanged if the dimension wédtue isunchanged.
Thus, only square matrices may represent an orthogonal transformation.

Supposé. is an orthogonal transformation. Then, if

Lx =y (2.22)
whereL isN x N, andx, y are botiN-dimensional vectors. Then
xTx = yly (2.23)

where Equation (2.23) represents the dot product ovebtrs with themselves, which egjual to
the length squared of the vector. If yloave evedone coordinate transformationstire past, you
have dealt with an orthogonal transformation. Orthogonal transformations rotate ettdosnot
change their lengths.

Properties of orthogonal transformations There are severaproperties of orthogonal
transformations that we will wish to use.

First, if L is anN x N orthogonal transformation, then
LTL =1y (2.24)
This follows from
yTy = [Lx]T[Lx]
=XTLTLx (2.25)
butyTy =xTx by Equation (2.23). Thus,
LTL =1y (Q.E.D.) (2.26)
Secongdthe relationship betwednand its inverse is given by
L-1=LT (2.27a)
and
L=[LT]? (2.27b)
These two follow directly from Equation (2.26) above.

Third, the determinant of a matrix is unchanged if it is operatgah by orthogonal
transformations. Recall that the determinant okeé3natrixA, for example, wherA is given by

17
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(1 ap &3l
A= %‘21 8 a23% (2.28)
g1 a3 anQ
is given by
detR) = ay1(ax,833 — 823837
—a (821833 — A3831)
+a;3(821832 — A22831) (2.29)
Thus, ifA is anM x M matrix, and. is an orthogonal transformations, and if
A= LAL)T (2.30a)
it follows that
det A) =det Q") (2.30b)

Fourth, the trace of a matrix isinchanged if it is operatedpon by an orthogonal
transformation, where tracA)is defined as

M
trace (A) = Z & (2.30c¢)
1=1

That is, the sum of the diagonal elements of a matrix is unchanged by an orthogonal transformation.
Thus,

trace A) = trace A’) (2.30d)

Semiorthogonal Transformations

Suppose that the linear operdtois not square, bt x M (N # M). ThenL is said to be
semiorthogonal if and only if

LTL =1y,  butLLT# Iy, N>M (2.31)
or
LLT=ly,  butLTL #ly, M>N (2.32)

where |y and |, are theN x Nand M x M identity matrices, respectively.

A matrix cannot beboth orthogonal and semiorthogonal. Orthoganatrices must be
square, and semiorthogonal matrices cannot be square. Furtherinasea isquardN x N matrix,
and

18
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LTL = Iy (2.26)
then it is not possible to have

LLT#1y (2.33)

2.2.3 Matrices and Vector Spaces

The columns or rows of matrix can be thought of as vectorsor example, ifA is anN
x M matrix, eachcolumn can be thought of aswvactor in N-space because ltas N entries.
Conversely, each row @ can be thought of as being a vectoMispace because it hislsentries.

We note that for the linear system of equations given by
Gm =d (2.13)

whereGisNxM, misM x 1, andd is N x 1, that the model parameter veatorlies in M-space
(along with all the rows of5), while the data vector lies iN-space (alongvith all the columns of
G). In general, we will think of th®1 x 1 vectors as lying imodelspace while theN x 1 vectors
lie in data space

Spanning a Space

The notion ofspanning a space isiportantfor any discussion othe uniqueness of
solutions or ofthe ability to fit the data. Wdirst need to introduce definitions dinear
independence and vector orthogonality.

A setonM vectorsvj, i =1, ... M, in M-space (the set @l M-dimensionalvectors), is
said to be linearly independent if and only if

Vv, +ayv, + [ ayvy = 0 (2.34)
whereg; are constants, has only the trivial solu@r 0,i =1, ... M.

This isequivalent tosayingthat an arbitrarywectors in M space can beritten as a linear
combination of thev;,i =1, ... M. That s, one can fingl such that for an arbitrary vector

S=ayvq +ayv, + [+ ayvy (2.35)

Two vectors andsin M-space are said to be orthogonal to each other ifdbgior innerproduct
with each other is zero. That s, if

r $=|r| |9lcos@ =0 (2.36)

wherefis the angle between the vectors, #rid|s| are the lengths afands, respectively.

The dot product of two vectors is also given by

19
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M
r's=s'r = z LS (2.37)

1=1

M space is spanned by any seWblinearly independeri¥l-dimensional vectors.

Rank of a Matrix

The number of linearly independent rows imatrix, which isalso equal tahe number of
linearly independent columns, is called the rankhef matrix. Theank of matrices is defined for
both square and nonsquaratrices. Theank of amatrix cannot exceed the minimum of the
number of rows or columns the matrix (i.e., theank is lesshan or equal to the minimum of
N, M).

If an M x M matrix is an orthogonal matrix, then it has rdhk TheM rows are all linearly
independent, as are the columns. Infact, not only are therows independeribr an orthogonal
matrix, they are orthogonal teachother. The same is tru@r the columns. If amatrix is
semiorthogonal, then thé columns (oN rows, ifN <M) are orthogonal to each other.

We will make extensive use of matrices and linear algebra in this course, especially when we
work with the generalized inverse. Next, we need to turn our attention to probability and statistics.

2.3 Probability and Statistics
2.3.1 Introduction

We need some backgroundarobability andstatisticsbefore proceedingery far. In this
review section, Iwill cover the materiafrom Menke'sbook, using somematerialfrom othermath
texts to help clarify things.

Basically, what weneed is away of describing thenoise in dataand estimatednodel
parameters. We will need the following termsindomvariable probability distribution meanor
expected valyenaximum likelihoodvariance standarddeviation standardized normafariables
covariance correlationcoefficientsGaussian distributionsandconfidence intervals

2.3.2 Definitions, Part 1

Random Variable: A functionthatassigns aalue tothe outcome of an experiment. A random
variablehaswell-defined propertiebased on some distribution. Itgalledrandom because you
cannot know beforehand tlexactvaluefor the outcome of the experimen®©ne cannot measure
directly the true properties of a randmariable. One canonly make measurementalso called
realizations of a random variable, and estimate its properties. Thewegitht of baby goslings is

a random variable, for example.

Probability Density Function: The true properties of a randomariableb are specified by the
probability density functioRP(b). The probability that a particular realizationtowill fall between
b andb + dbis given byP(b)db. (Note that Menke useswhere | usd. His notation is bawhen
one needs to use integral®(b) satisfies

20
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1= I +P°(Eb) db (2.38)

which saysthat the probability ob taking on somevalue is 1. P(b) completelydescribes the
random variabl®. It is often useful to try and find a way to summarize the properti€gbdpiwith
a few numbers, however.

Mean or Expected Value Themean valueE(b) (also denoted) is much like the mean of a
set of numbers; that is, it is the “balancing point” of the distribuRid and is given by

E(b) = J'EOP(b) db (2.39)

Maximum Likelihood : This isthe point in the probability distributioR(b) thathasthe highest
likelihood or probability. It may or may not be close to theanE(b) = <b>. An important point
is thatfor Gaussiardistributions, the maximum likelihood poiahd themeanE(b) = <b> are the
same! Thegraphbelow (afterFigure 2.3, p. 23,Menke) illustrates a casehere the two are
different.

A

P(b)

b4 :

b <p>

ML

The maximum likelihood poiriby. of the probability distributiori?(b) for datab gives themost

probable value of the data. In general, this value can be different from the mean lokatwhich is
at the “balancing point” of the distribution.

Variance: Variance isone measure of the spreadvadth, of P(b) about the meaki(b). It is
given by
+00
o2 = I (b - <b >?2P(b) db (2.40a)
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Computationally, fot. experiments in which tHgh experiment givel,, the variance is given by

L
2_ 1 2
= b,—<b> 2.40b
ot =1 221( K ) ( )

Standard Deviation Standard deviation is the positive square root of the variance, given by

o =+/o? (2.40c)

Covariance Covariance is a measure of the correlabetweenerrors. If the errors in two
observations are uncorrelated, then ¢bgariance iszero. We need another definition before
proceeding.

Joint Density Function P(b): The probability thab,; is betweerb,; andb;, + db;, thatb, is
betweerb, andb, + db,, etc. If the data are independent, then

P(b) = P(by) P(by) ---P(by) (2.41)

If the data are correlated, thelA(b) will have some morecomplicatedform. Then, the
covariance betwedn andb, is defined as

Uy, )= [ (01 <ty (o, = <by o)y, - oy (2422)
In the event that the data are independent, this reduces to
oty 0)= [ [(Br= <ty (o, = <b; 3 Plby) P(w) oy o, (2.42b)
=0

Thereason ighatfor anyvalue of p; — <b;>), (b, — <b,>) is as likely to be positive as
negative, i.e.the sumwill average tozero. The matrifcov b] containsall of the covariances
defined using Equation (2.42) in Bix N matrix. Note alsdhat the covariance df; with itself is
just the variance ds;.

In practical terms, ifone has arN-dimensionaldata vectob that hasbeen measured
times, then th@th term in [cowb], denoted [cow]j, is defined as

L

[covb];; = Li_l Z (b -B)(bt - B;) (2.42¢)
=1

Whereb'i‘ is thevalue oftheith datum inb on thekth measurement of the datector, 4> is the
mean or averagealue ofb; for all L measurements, and the— 1 termresults from sampling
theory.
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Correlation Coefficients: This is a normalized measure of the degreeoafelation oferrors. It
takes on values between —1 and 1, with a value of O implying no correlation.
The correlation coefficient matrix [cti is defined as

[cor b]; = [covb];;

(2.43)
0,0;

j

where [cowb];; is the covariance matritefined term by term aabovefor cov [by, b,], and g;, o;

are the standard deviations for ttieandjth observations, respectively. The diagonal terms 01! [cor
b are equal to 1, since each observation is perfectly correlated with itself.

The figure below (after Figur2.8, page26, Menke) showshree differenttases oflegree
of correlation for two observatioitig andbs,.

(a) (b) ()
- | + - | + - | +
| | |
b
2~ —bz‘_ @ - bz‘“ -
| | |
+ | - + | - + I -
b
1 bl b]_

Contour plots oP(b,, by) when the data are (a) uncorrelated, (b) positively correlatedege}ively
correlated. Thelashed linesndicate thefour quadrants oflternatingsign used todetermine
correlation.

2.3.3 Some Comments on Applications to Inverse Theory

Some comments are now in order about the nature of the estimated model parameters. We
will always assumethat thenoise inthe observations can be described as randgamables.
Whatever inverse we creatsill map errors inthe data intoerrors inthe estimated model
parameters. Thus, the estimated model parameters are themselves random vahablsstrue
even though the true model parameters may not be random variables. If the distribution of noise for
the data is known, then in principle the distribution for the estimated model parametersozardbe
by “mapping” through the inverse operator.

This is oftenvery difficult, but one particular cagerns out tohave arather simple form.
We will see wherehis form comes fronwhen we get to the subject of generalized inverses. For
now, consider the following as magic.

If the transformation between ddtand model parametensis of the form

m = Mb +v (2.44a)
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whereM is any arbitrary matrix andis any arbitrary vector, then
m> = M<b> +v (2.44b)

and

[covm] = M [covb] MT (2.44c¢)

2.3.4 Definitions, Part 2

Gaussian Distribution: This is a particular probability distribution given by

1 (b - <b »?0
P(b) = ex 2.45a
(B) \J2mo pg 202 % ( )

The figure below (after Figure 2.10, page 29, Mergte)wsthe familiarbell-shapecturve.
It has the following properties:

Mean =E(b) =<b> and Variance o2

0.50 -

5 4 3 -2 -1 0 1 2 3 4 5

Gaussian distribution with zero mean and 1 for curve A, and = 2 for curve B.

Many distributions can be approximated fairly accurately (especially away from the tails) by
the Gaussian distribution. It is also very important because it is the limiting distribution for the sum
of random variables. This is often just what one assumes for noise in the data.

One also needs way to represent the joint probability introduced earlier a set of
random variables each of which has a Gaussian distribution. The joint probability density function
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for avectorb of observations thall have Gaussian distributions is chosen to be [Egeation
(2.10) of Menke, page 30]

(det[covb]) ™
(27_[)N/2

P(b) = exp{~2[b - <b 3§ [oovs b - <b 5 (2.45b)

which reduces to the previous case in Equation (2#5a8) = 1 and var (b;) = 02. In statistics
books, Equation (2.45b) is often given as

P(b) = (22 [Zy["1/2 exp{-2b — Hp] " Z-b — up]}

With this background, it makesense (statistically, at least) to replace the original
relationship:

b =Gm (1.13)
with
$H>= Gm (2.46)

Thereason ighatone cannot expethat there is am that should exactly predictany particular
realization ofb whenb is in fact a random variable.

Then the joint probability is given by

(det[covb])™V/2

P(b) = exp{ - b -Gm][covb] b —Gm]} (2.47)

What one then does is seekrarthat maximizes the probability that the predicted data are
in fact close to the observed data@his is the basis ofthe maximumlikelihood or probabilistic
approach to inverse theory.

Standardized Normal Variables It is possible to standardize randeariables by subtracting
their mean and dividing by the standard deviation.

If the randomvariable had a Gaussiarfi.e., normal) distribution, then saloes the
standardized randowariable. Now, howevethe standardized normal variableave zero mean
and standardieviation equal tmne. Randomvariables can be standardized by the following
transformation:

g=m=(m) (2.48)

o
where you will often seereplacingsin statistics books.
We will see,when all issaid anddone, thatmost inverses represent a transformation to

standardized variables, followed by a “simple” inverse analysis, and then a transformation back for
the final solution.
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Chi-Squared (Goodness of Fit)Test A statistical test to seehether a particular observed
distribution is likely to have been drawn from a population having some known form.

The application wewill make of thechi-squared test is to testhether thenoise in a
particular problem is likely tthave aGaussian distribution. This is nibte kind of question one
can answewith certainty, scone mustalk in terms of probability or likelihoodFor example, in
the chi-squaredest, one typicallysays thingdike there isonly a 5% chance thathis sample
distribution does not follow a Gaussian distribution.

As applied to testing whethergiven distribution is likely tohave comefrom a Gaussian
population, the procedure is as follows: One sets up an arbitrary number of bins and compares the
number of observationthat fall into eachbin with the number expected from &aussian
distribution having the same mean and variance as the observeddetguantifies the departure
between the two distributions, called the chi-squared value and dgRohsd

. i [(#0bsin bin i) - (#expected in bin )] (2.49)

& [#expected in bin ]

where thesum isover thenumber of binsk. Next, thenumber of degrees of freedoior the
problem must be consideredror thisproblem, thenumber of degrees is equal to the number of
bins minusthree. Thereason you subtradhree is as follows: You subtract 1 because if an
observatiordoes noffall into any subset ok — 1 bins,you know it falls in the one bireft over.
You are not free to put it anywhere else. The ativercomefrom the fact thatyou haveassumed
that the mean and standard deviation of the observedetatae theneanand standardeviations

for the theoretical Gaussian distribution.

With this information in handpne uses standard chi-squarégst tables from statistics
books and determines whether such a departure would occur randomly moraasfiesay, 5% of
the time. Officially, the null hypothesis is that the sample was dfemam a Gaussian distribution.
If the observedvalue for x2 is greater tharxg , then one rejects the nuflypothesis athe a
significance level. Typically, 0.05 is used for the test. d@hs&gnificancelevel is equivalent to the
(1 —a)% confidence level.

Confidence Intervals One says,for example, with98% confidence that the true mean of a
random variable lies between two values. This is based on kndwangobability distribution for
the random variable, of course, and can be very difficult, especially for complicated distrithatons
include nonzero correlation coefficients. However, for Gaussian distributions, thess| &mown
and can bdound in any standarstatisticsbook. Forexample, Gaussian distributionBave 68%
and 95% confidence intervals of approximately#fhd +27, respectively.

T andF Tests These two statistical tesise commonlyused todetermine whether thgroperties
of two samples are consistent with the samples coming from the same population.

TheF test in particular can be used to testithprovement in the fit between predicted and
observed data whemne adds aegree of freedom in the inversiorDne expects to fit thedata
better by adding more modehrameters, so the relevaqiestion iswhether the improvement is
significant.
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As applied to the test of improvement in fit between caaadlcase Avhere case 2ises
more model parameters (degrees of freedom) to describe the same dat& satjdghg given by

F - (El - Ez)/(DOFl - DOF2)
(E,/ DOR,)

(2.50)

whereE is the residuasum of squares andOF is the number of degrees of freeddéon each
case.

If F is large,one acceptshat thesecond casavith more model parameters provides a
significantly better fit to the data. The calculateés compared to published tablegh DOF; —

DOF, andDOF, degrees of freedom at a specified confiddeeel. (Reference: T. M. Hearns,
P, travel times in Southern Californid, Geophys. Res89, 1843-1855, 1984.)

The next sectiomvill deal withsolving inverseproblems based on length measures. This
will include the classic least squares approach.
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CHAPTER 3: INVERSE METHODS BASED ON LENGTH

3.1 Introduction

This chapter is concernedth inversemethods based ahe length of various vectotkat
arise in a typical problem. The&o most commorvectors concerned are the data errormasfit,
vector and the model parameter vectbtethods based othe first vector giverise to classideast
squares solutions. Methods basedl@secondvector giverise towhat areknown asminimum
length solutions. Improvementsover simple leassquares andnhinimum lengthsolutionsinclude
the use of information about noise in the dataapdori information about the modglarameters,
and are known as weighted least squares or weighted minimum length solutions, respectively. This
chapter will end with material on how to handle constraints and on variances of the estimated model
parameters.

3.2 Data Error and Model Parameter Vectors

The data error and model parameter vectors will play an essential role in the development of
inverse methods. They are given by

data error vector e= dobs—dpre (3.1

and
model parameter vectonm= (3.2
The dimension of the error vectis N x 1, while thedimension of the model parametesctor is

M x 1, respectively. lrorder toutilize thesevectors, wenext consideithe notion of thesize, or
length, of vectors.

3.3 Measures of Length
Thenormof a vector is a measure of its size, or length. There are many possible definitions
for norms. We are most familiar with the Cartesiay) form. Some examples of norms follow:

N
L, = Z|e,| (3.3a)
1=1

N d/Z

L, = ?Ia °0 (3.3b)
= H
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' N ey
Ly = ?m“ﬂ 0 (3.3¢0)
SIS
and finally,
L, = max & (3.3d)

Inverse methods based on different norms can, and often do, give different
answers!

Important Notice! ‘

The reason is that different norms give diffeneatghtto “outliers.” Forexample, thd.,,

norm gives all the weight to the largest misfit. Low-ordermsgive more equal weight terrors
of different sizes.

The L, normgives the familiar Cartesian length ofvactor. Considerthe total misfitE

between observed and predicted data. It has units of length squaregharelound either as the
square of th&, norm ofe, the error vector (Equation 3.1), or by notth@t it isalsoequivalent to

the dot (or inner) product efwith itself, given by
(B O
T %D k 2
E=e'e= . gEe 0= 3.4
6 & - a0 D=3 ¢ (34)
O
O

Inverse methods based on thenormarealso closelytied to thenotion thaterrors in the

datahave Gaussian statistics.They give considerableweight to largeerrors, which would be
considered “unlikely” if, in fact, the errors were distributed in a Gaussian fashion.

Now that we have a way to quantify the misigtween predictednd observedata, we are
ready to define a procedure for estimating the value of the elements irhe procedure is tiake
the partial derivative dE with respect to each elementrimand set the resulting equations to zero.
This will produce a system &l equationghat can be manipulated such away that, in general,
leads to a solution for tHd elements oim.

The next section will show how this is dofog the leasisquaregproblem of finding a best
fit straight line to a set of data points.
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3.4 Minimizing the Misfit—Least Squares

3.4.1 Least Squares Problem for a Straight Line

Consider the figure below (after Figure 3.1 from Menke, page 36):

(a) (b)

i

(a) Least squares fitting of a straidite to ¢ d) pairs. (b) Theerrorg for each
observation is the difference between the observed and predicted dﬁturd‘i’bs -

dore,
Theith predicted daturd,Pre for the straight line problem is given by
drre =my +myz (3.5)

where the two unknownsp; andm,, are the intercept arslope ofthe line, respectivelyandz; is
the value along theaxis where théh observation is made.

For N points we have a systemMfsuch equations that can be written in matrix form as:

hO @ z0O
. o0 06 0
A 0
Od O=0 z (3.6)
Oo.04d . H
a- g g -0
HinH B zvH
Or, in the by now familiar matrix notation, as
d G m (1.13)

Nx1) Nx2) (2x1)
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The total misfit is given by

E=ele= i[df’bs —dipre]z (3.7)
N
= [0 - (m +mz)|” (3.8)

Dropping the “obs” in the notation for the observed data, we have
N
E= [of -2dm ~2dmyz +2mmyz +nf +i7] (39)
|

Then, taking the partials & with respect tan, andm,, respectively, and setting them to zero yields
the following equations:

JE N N
—=2Nm -2 d +2m,y z =0 (3.10)
and
JE N N N
— ==2Ndz +2m ) z +2m, Y Z* =0 (3.11)

Rewriting Equations (3.10) and (3.11) above yields
Ny +m, ) z =) d (3.12)
2572

and

lewmzZZa%zdia (3.13)

Combining the two equations in matrix notation in the féam = b yields

ON 2z OmQ_02d O

37 32 Faz (314

or simply

A m = b (3.15)
(2x2) (2x1) (2x1)
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Note that by theboveprocedure wénavereduced the problerfiom onewith N equations in two
unknowns iy, andm,) in Gm =d to one with two equations the same&wo unknowns inAm =

b.

The matrix equatio®m = b canalso berewritten in terms of the origin& andd when
one notices that the matx can be factored as

d zQO
U
N 2z 1 - 1 z
- ZZD:UL % 20=G"G (3.16)
2z ZH oz ooz s
cHENS
N[
(2% 2) (%N) Nx2) (2x2)
Also, b above can be rewritten similarly as
0h O
>, 1 - 1rH,H
06 0t %Z&GM (3.17)
ZhzH Bz o zy ZB
N[

Thus, substituting Equation8.16) and (3.17)nto Equation (3.14), one arrives at the so-called
normal equationgor the least squares problem:

G'Gm =G'd (3.18)
The least squares solution g is then found as
mLS = [GTG]_]' GTd (319)

assuming thatGTG]-1 exists.

In summary, we used the forward problem (Equation 3.gv® us arexplicit relationship
between the model parametens; (andm,) and a measure of the misfit to the obserdath,E.

Then, we minimized by taking the partiatlerivatives of themisfit function with respect to the
unknown model parameters, setting the partials to zero, and solving for the model parameters.

3.4.2 Derivation of the General Least Squares Solution

We start with any system of linear equations which can be expressed in the form

d = G m (1.13)
Nx1) NxM) (Mx1)
Again, letE =eTe = [d —dP€T[d — dPre]
E = [d - Gm]T[d - Gm] (3.20)
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N [ M Hin M N
E:Z %ji—ZGijijSi_ _1Gikrn<5 (321)

As before, the procedure is to write out the above equation with all its cross terms, take péttials of
with respect to each of the elementsnin and set thecorresponding equations to zero. For
example, following Menke, pagtd, Equations (3.6)—(3.9), we obtain arpression fothe partial

of E with respect tary:

O M N N
—=2 my quGik -2 Gﬁqdi =0 (3223)
om, 22,2, S0 2Y,

We can simplifythis expression byecalling Equation2.4) from the introductory remarks on
matrix manipulations in Chapter 2:

M
G = Z iy (2.4)
=

Note that the first summation @nin Equation (3.22alpoks similar in form to Equation (2.4), but
the subscripts orthe first G term are“backwards.” If wefurther notethat interchanging the
subscripts is equivalent to taking the transpogg, ofe see that the summation iogives thegk-th

entry inGTG:

N N
z Gi(Gik = Z[GT]qi Gk =[GTGl (3.22b)
1=1 1=1

Thus, Equation (3.22a) reduces to

M N
2; M GTGly —22 Gigth =0 (3.23)

1=1

E
oy,
Now, we can further simplify the first summation by recalling Equation (2.6) from the same section

M
di = Z G

=1
To see this clearly, we rearrange the order of terms in the first sum as follows:

m (2.6)

i

M M
Z M[GTGly = Z[GTelqkmk =[GTGm], (3.24)
=1 =1

which is thegth entry in GTGm. Note thatGTGm has dimensionM x N)(N x M)(M x 1) = (M x
1). Thatis, it is am-dimensional vector.

In a similar fashion, the second summation can be reduced to a term iG], theqth
entry in an 1 x N)(N x 1) = (M x 1) dimensional vector. Thus, for thg# equation, we have
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0

E 2[GTGm]q —2[GTd]q (3.25)
ary

Dropping the common factor of 2 and combiningdleguations into matrix notation, we arrive at
GTGm =GTd (3.26)

The least squares solution foris thus given by
ms = [GTG]-1GTd (3.27)

The least squares operaﬁ[é, is thus given by
GL = [GTG]-IGT (3.28)
Recalling basic calculus, we note thatg above is thesolutionthat minimizesE, the total misfit.

Summarizing, setting treppartial derivatives dE with respect to the elementsnm to zero leads to
the least squares solution.

We havejust derived the leastquares solution biaking the partiaderivatives ofE with
respect tang and then combining the terrfr g = 1, 2, . . .M. An alternative put equivalent,
formulation begins with Equation (3.2) but is written out as

E=[d-Gm]T[d-Gm] (3.20)
= [dT —mTGT][d - Gm]
=dTd —dTGm -mTGTd + mTGTGm (3.29)

Then,taking the partiatierivative ofE with respect tan' turns out to beequivalent to what was
done in Equations (3.22)—(3.26) fog, namely

OE/OMT = —GTd + GTGM =0 (3.30)
which leads to
GTGm =GTd (3.26)
and
ms = [GTG]-1GTd (3.27)

It is also perhaps interesting to ndtat we couldhaveobtained the samsolutionwithout
taking partials. To see this, consider the following four steps.

Step 1 We begin with
Gm =d (1.13)
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Step 2 We then premultiply both sides B/
GTGm =GTd (3.26)

Step 3 Premultiply both sides byd'G]-1
GTG]-IGTGm = [GTG]-1GTd (3.31)

Step 4 This reduces to
m s =[GTG]-1GTd (3.27)

as before. The poing, howeverthat this way does not showvhy m, s is the solution
which minimizesE, the misfit between the observed and predicted data.

All of this assumethat [GTG]-1 exists, ofcourse. Waewill return to the existence and

properties of GTG]-1 later. Next, we will look at two examples of leagtiares problems to show
a striking similarity that is not obvious at first glance.

3.4.3 Two Examples of Least Squares Problems
Example 1. Best-Fit Straight-Line Problem

We have, of course, already derived the solution for this problem in the last sdzriiefty,
then, for the system of equations

d=Gm (1.13)
given by
chOo d zQO
O
Z O
%{ZS:Q 3%15 (3.6)
0 O
%IND H ZANIN
we have
A zQ
GTG:[{l 1 -~ 1M1 ZZD:DN 2z [ (3.32a)
N ZN% U Hz 52°H
ZNH
and
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ch O
B - ZN%E 0™ Bdz g
NE

Thus, the least squares solution is given by

ON 2z 0'02d O

ﬁﬁs i Bz 52H HBdzH (3.32¢)

Example 2. Best-Fit Parabola Problem

Theith predicted datum for a parabola is given by
di = my + myz; + myz2 (3.33)

wherem; andm, have the same meanings as in the straighitproblem,andmg is the coefficient
of the quadratic term. Again, the problem can be written in the form:

d=Gm (1.13)
where now we have
mho G z 20
D: D D : : |:|
SRR
= : 3.34
0.0 g & 40 (539
SENSE : [HBH
HinE H‘ AN Zl%lH
and
ON 3z z;zg 0sd, O
Ge=rz 2 Ph G'd=7dz o (3.35)
Bz 17 3z'H ELTAS

As before, we form the least squares solution as
mLS = [GTG]_]'GTd (327)

Although the forwardproblems of predictinglatafor the straightine and parabolic cases
look very different, the leastquares solution is formed invay thatemphasizes the fundamental
similarity between théwo problems. Foexample, notice how th&raightline problem is buried
within the parabola problem. The upper left hand2part ofGTG in Equation(3.35) isthe same
as Equation (3.32a). Also, the first two entrie&i in Equation(3.35) are the same as Equation
(3.32b).
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Next we consider a four-parameter example.

3.4.4 Four-Parameter Tomography Problem

Finally, let'sconsider a four-parametgroblem, but this one based othe concept of
tomography.

010 . 010
- - t=h +h =h(s +
n 2 | =g, 55, H CRE)
75— 1~ 7T —|—>|E< t . :hD1D+hD1D:h( +s,)
| | 2= H R, ET ST
3 | 4 | 010 010 (3.36)
——— 1™t t3_h§«_15+h§73%_ h(s, +s3)
y y 010 010
t t t,=h +h =h(s, +34)
3 4 H,H "B, H
O @ 1 0 0omOo
O 00 O
%zﬂzhg) 0 1 1gm®g (3.37)
;0 [ 0 1 0000
O 00n 0O
1] B 1 0 1HsH
or
d=Gm (1.13)
M 0101 1003 @211 0O
O O O
GTGzhza 00 196 0 1 1D:h2% 2 0 17 338)
M 1 10031 0100 @@ 0 2 10
010 1H0 10 1H B 11 2H
130
O
G'd= hgl g (3.39)
O, + ;0
O
%2”35
So, the normal equations are
GTGm =GTd (3.18)
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oomO Et1+tsm

0, O
1 +t

aoeE- o e (3.40)
1050 O, +1a0

2%%4% %2 +t4%

R ON B
= N O -

or

020 o o g O Et1+t3D

h%@M%D %)D %D - %1 t“D (3.41)

@)D [2D ElD D [, +t3 0

D O O O
% % H % %2‘”4D
Example:si = =s3=54=1, h =1;then;=thb =tg3=t4, =1

By inspections; =sp =s3 =5, = 1 is a solutionbut so iss; = s4 = 2,5 = s3 =0, ors; =
$%=0,2=53 =2.

Solutionsare nonunique! Look back &. Are all of thecolumns or rows independent?

No! What does that imply aboGt (andGTG)? Rank < 4. What dodbkat imply about GTG)-1?
It does not exist. So doesg s exist? No.

Other ways of saying this: The vectgrslo not span the spacerof Or, the experimental

set-up is not sufficient to uniqueljetermine thesolution. Notethat this analysiscan be done
without any data, based strictly on the experimental design.

Anotherway to look atit: Are the columns of G independent? No. For example,
coefficients —1, +1, +1, and —1 will make the equations add to zero. What pattethatieaggest
is not resolvable?

Now that wehave derivedhe leastsquaressolution, and considered sorsgamples, we
next turnour attention to somethingalled the determinancy of tlsgstem of equationgiven by
Equation (1.13):

d = Gm (1.13)

This will begin to permit us to classify systems of equations based on the na®ure of

3.5 Determinancy of Least Squares Problems
(See Pages 46-52, Menke)

3.5.1 Introduction

We have seen that the least squares solutidr=t@m is given by

m s = [GTG]-IGTd (3.27)
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There is no guarantee, as we saw in Section 3.4.4, that the solution even exists. It failsvteeaxist
the matrixGTG has no mathematical inverse. We note &/ is squareNl x M), and it is aleast
mathematicallypossible to consideinverting GTG. (N.B. The dimension ofG'G is M x M,
independent of the number of observations maddathematically, we casay the GTG has an
inverse, and it is unique, wh&@I'G has rankM. Therank of amatrix was considered in Section
2.2.3. Essentially, TG has rankM, then ithas enouglinformation in it to“resolve” M things

(in this case, modgbarameters). This happenden allM rows (orequivalently,since GTG is
square, alM columns) are independenRecallalsothat independent meagsu cannotwrite any
row (or column) as a linear combination of the other rows (columns).

GTG will have rank <M if the number of observationé is lessthanM. Menkegives the
example (pp. 45—46) of the straight-line fit to a single data point as an illustraticBTG{ ! does
not exist, an infinite number of estimates will all fit the data equedlly. MathematicallyGTG has
rank <M if |GTG| = 0, whereGTG| is the determinant @TG.

Now, let usintroduce Menke’s nomenclaturebased onthe nature ofGTG and on the
prediction error. In all cases, the number of model parametdrarngl the number of observations
is N.

3.5.2 Even-Determined ProblemsM =N

If a solution exists, it is unique. The predictiemor [dobs — dPr€] is identically zero. For
example,

Ao @ 0mmQO

35 b o

for which the solution isn = [1, 3.

3.5.3 Overdetermined Problems: TypicallyN >M

With more observations than unknowns, typically one cannatl fihe dataexactly. The
least squares problem falls in this category. Consider the following example:

ag oh
D D5

(3.43)
Elﬁ 5"3 1@&5

This overdetermined caseonsists of adding onequation to Equatior§3.42) in the previous
example. The least squares solution is [1.333, 4833}e data can no longer be fit exactly.

3.5.4 Underdetermined Problems: Typically,M >N

With more unknownsthan observationsn has no unique solution. gpecial case of the
underdetermined problem occushenyou can fit the data exactly, which is called tharely
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underdeterminedase. The predictioerror for the purely underdetermined caseeisactly zero
(i.e., the data can be fit exactly). An example of such a problem is

[4=[2 ﬂﬁﬁ (3.44)

Possible solutions include [0,T1][0.5, OF, [5, —9T, [1/3, 1/3T and [0.4,0.2]". Thesolutionwith
the minimum length, in thie, norm sense, is [0.4, 012]

The following example, however, is also underdetermined, but no chomg of, m; will
produce zero prediction error. Thus, it is not purely underdetermined.

[y [

Eﬁzg j ;%éé (3.45)

(You might want to verify the above examples. Can you think of others?)

Although | have stated that overdetermined (underdetermpretd)emstypically haveN >
M (N <M), itis important to realize that this is not always the case. Consider the following:

do @ 00

dod

(B0 O
0
Ll
For thisproblem,m; is overdetermined(thatis, no choice ofm; can exactly fitboth d; andd,
unlessd; happens to equd)), while at the same tinma, andmg areunderdetermined This is the

case even though there @ equationgi.e., the last two) ironly two unknowns K, ms). The

two equations, however, are not independent, since two times the next to lasGrequals the last
row. Thus this problem is botverdetermineéndunderdeterminedt the same time.

(3.46)

N B O
N B O
moad

For thisreason, | am notery satisfiedwith Menke’s nomenclature. As weill seelater,
when we deal with vectaspaces, the kewill be the singlevalues(much like eigenvalues) and
associated eigenvectors for the maBix

3.6 Minimum Length Solution

The minimum length solution arises from the purely underdetermined case. $edis,
we will develop the minimum length operatoising Lagrange multipliers and borrowing on the
basic ideas of minimizing the length of a vector introduced in Section 3.4 on least squares.

3.6.1 Background Information

We begin with two pieces of information:

40



Geosciences 567: CHAPTER 3 (RMR/GZ)

1. First, GTG]-1 does not exist. Therefore, we cannot calculate thedgasres solutiom g
= [GTG]-1GTd.
2. Second, the prediction ermrE dobs—dpreis exactly equal to zero.

To solveunderdeterminegroblems, we mushdd information that isnot already inG.
This iscalleda priori information. Examples might include the constraint ttetsity be greater
than zero for rocks, or thet, the seismi®-wave velocity at the Moho fallwithin therange 5 <,

< 10 km/s, etc.

Anothera priori assumption ig€alled“solution simplicity.” One seeksolutionsthat are
as “simple” as possible. Bgnalogy to seeking a solutiavith the “simplest” misfit to thedata
(i.e., thesmallest) in the leasiquaregroblem,one canseek a solutionvhich minimizes the total
length of the model parameter vector, At first glance, there may not seem to be any reason to do
this. It does make sense for some cases, however. Suppcserple, that thenknownmodel
parameters are the velocities of points in a fluid. A solutiah minimized the length ah would
also minimize the kineticenergy of thesystem. Thus, it would be appropriate in this case to
minimizem. It also turns out to be a nice propentgenone is doing nonlinear problems, and the
m that one is using iactually a vector othanges to theolution atthe previousstep. Then it is
nice to have small step sizes. The requirement of solution simpliditiead us, ashownlater, to
the so-called minimum length solution.

3.6.2 Lagrange Multipliers (See Page 50 and Appendix A.1, Menke)

Lagrange multipliers come to mind whenever one wishes to solve a problem subject to some
constraints. Irthe purely underdeterminezhsethese constraintare that the data misfit be zero.
Before consideringhe full purely underdeterminedase,considerthe following discussion of
Lagrange Multipliers, mostly after Menke.

Lagrange Multipliers With 2 Unknowns and 1 Constraint

ConsiderE(x, y), a function oftwo variables. Supposethat we want to minimizé&(x, y)
subject to some constraint of the fog®, y) = 0.

The steps, using Lagrange multipliers, are as follows (next page).
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Step 1 At the minimum ing, small changes irandy lead to no change &

E(x, (y = constant))

t e

m

minimum

X —

nde Eax Eag o (3.47)
OX &

Step 2 The constraint equation, however, saysdia@nddy cannot bevariedindependently (since
the constraint equation is independent, or different, #dmSincegXx, y) = 0 forall x, y,
then so mustig(x, y) = 0. But,

[ op
dp=—dx+—dy =0 3.48
=Xy (3.48)
Step 3 Form the weighted sum of (3.47) and (3.48) as

dE + Adgp = %E-A w@x+ Wﬂ =0 (3.49)

whereA is a constant. Note that (3.49) holds for arbitvary

Step 4 If Ais chosen, however, in such a way that

E %0 (3.50)
X
then it follows that
E 2% (3.51)
&

since at least one dk, dy (in this casegly) is arbitrary (i.e.dy may be chosen nonzero).
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When A has been chosen asdicated above, it iscalled the Lagrange multiplier.
Therefore, (3.49) above is equivalent to minimizhg A@ without any constraints, i.e.,

;(E+A¢)_%+Ag§f (3.52)
and
i(E+/\qo):E+}\d—(p: (3.53)
oy
Step 5 Finally, one must still solve the constraint equation
@xy)=0 (3.54)

Thus, thesolution for §, y) that minimizesE subject to the constraint thegx, y) = O is
given by (3.52), (3.53), and (3.54).

That is, the problem has reduced to the following three equations:

E %0 (3.50)
oX oX
E 2% (3.51)
oy
and
axy) =0 (3.54)

in the three unknowns,(y, A).

Extending the Problem to M Unknowns and N Constraints

The aboveprocedure used for aproblemwith two variablesand one constraint, can be

generalized t®/1 unknowns in avectorm subject toN constraintsg(m) = 0,j = 1, ... N. This
leads to the following system bf equations, =1, ... M:
N
20
E+Z}\jﬂ=o (3.55)
om om

with N constraints of the form

g(m =0 (3.56)
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3.6.3 Application to the Purely Underdetermined Problem

With the background weow have inLagrange multipliers, we are readyreronsider the

purely underdetermined problem. First, we pose the following problem:nfisdchthatm™m is
minimized subject to thl constraints that the data misfit be zero.

M
e = diObS _ dipre - diobs _ Z qj mj =0 (3.57)
=1
That is, minimize
N
w(m)=m'm+ Z Ae (3.58)

1=1

with respect to the elementgin m. We can expand the terms in Equation (3.58) and obtain

M N M U
pmy=Y m+H A4 -y gmL (3.59)
Then, we have
M N M
7 am;
M, ﬂmk—zx\iZGij—’ (3.60)
d.nq =1 arnq 1=1 J =1 dnh
but
om-
Me_g.  ad =g, (3.61)
amy amy
whereg; is the Kronecker delta, given by
M, i=]
% =0 i
17 )
Thus
J N
X o—om,-$ AGg=0 q=12,...,M (3.62)
Ohh =1
In matrix notation over ati, Equation (3.62) can be written as
-GTA =0 (3.63)
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whereA is anN x 1 vector containing thl Lagrange Multipliers\;,i =1, . . . N. NotethatGTA
has dimensionM x N) x (Nx 1) =M x 1, as required to be able to subtract it frmam

Now, solving explicitly form yields

m =

N~

GTA (3.64)

The constraints in this case are that the data be fit exactly. That is,

d=Gm (1.13)
Substituting (3.64) into (1.13) gives
d=Gm =G(@F GTA) (3.65)
which implies
d :% GGTA

whereGGT has dimensionN x M) x (M x N), or simplyN x N. Solvingfor A, when [GGT]-1
exists, yields

A=2[GGT]d (3.66)
The Lagrange Multipliers are nehds in and othemselves.But, upon substitution oEquation
(3.66) into (3.64), we obtain

m:% GTA :% GT{2[GGT]-1}d (3.6)
Rearranging, we arrive at th@nimum length solutigmm,, :
my. =GT[GGT]1d (3.68)
whereGGT is anN x N matrix and the minimum length operat@n,'\;lﬁ , IS given by
Gy =GT[GGT]1 (3.69)

The aboveprocedurethen, isone that determines theolution which has the minimum
length {, norm = mTm]/2) amongst the infinite number of solutions tfiathe data exactly. In

practice, one does not actually calculate the values of the Lagrange multyliegsesdirectly to
(3.68) above.

The above derivatioshowsthat the length ofm is minimized by the minimum length
operator. It maynake moresense to seek a solutitimt deviates as little gmssible from some
prior estimate of the solution,ns>, rather than from zero.The zerovector is, in factthe prior
estimate s> for the minimum lengtrsolutiongiven in Equation(3.68). If wewish to explicitly
include €m>, then Equation (3.68) becomes

45



Geosciences 567: CHAPTER 3 (RMR/GZ)

My = <m> + GT[GGT]-d — G<m>]
=m>+G,l [d-G<m>] =Gy d + [| -Gl Gl<m> (3.70)
We note immediately that Equation (3.70) reduces to Equation (3.68) wirer &
3.6.4 Comparison of Least Squares and Minimum Length Solutions

In closing thissection, it is instructive to note the similarityform between the minimum
length and least squares solutions:

Least Squares: m s = [GTG]-1GTd (3.27)
with G[i = [GTG]-1GT (3.28)
Minimum Length: My = <m> + GT[GGT]-Yd — G<m>] (3.70)
with Gyi =GT[GGT]! (3.69)

The minimum length solution exists wh&BG T]-1 exists. Sinc&sGT is N x N, this is the
same as saying wh&@GT has rank\. That is, when thsl rows (orN columns) aréendependent
In this case, your ability to “predict” or “calculate” each of Bhebservations is independent.

3.6.5 Example of Minimum Length Problem

Let's reconsider the four-parameter tomography problem we introduced in Sdtibn
With our new understanding of the determinancy of lsegearegroblems, we can now recognize
the problem in Sectio3.4.4 as armunderdetermined problemwith four unknowns andhree
independent data. The least squares solutipg,does not exist, but the minimum length solution,
ML, does exist. In this cags,is a 3x 4 matrix. Why?

@1 0 0 0O
G=0 0 1 10 (3.72)
B 01 03
1 0 10
GG'=m 2 10 (3.72)
A 125
The inverse foGGT exists, so we can compute
0l 0 0p
T T.-1_00 O 0O
G'[GG'] =31 0 10 (3.73)
51 1 -15
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For an actual modeh = [1 0 O O], the data ack=[1 O 1]. The minimum lengttsolution isgiven
by

myL =GT[GGT]-1d=[100 0] (3.74)

In this particular caseny is the correckolution. This is noalways the case. [Hfact, in

most realistic cases, it is not tHeorrect” solution, if one is known. Rememberthis is the
minimum length solution that solves the problem, but it is not unique or, for that matter, “correct.”

3.7 Weighted Measures of Length

3.7.1 Introduction

One way to improve our estimates using either the least squares solution
mis = [GTG]-1GTd (3.27)
or the minimum length solution
My = <m> + GT[GGT]-Yd — G<m>] (3.70)
is to usenveightedmeasures of the misfit vector
e = dobs _gpre (3.75)

or the model parameter vector, respectively. The nexitvo subsectionsvill deal withthese two
approaches.

3.7.2 Weighted Least Squares
Weighted Measures of the Misfit Vector

We saw in Sectio.4 that the leassquares solutiom_g was the ondghat minimized the
total misfit between predicted and observed data ibAin@rm sense. That i§,in

2

E=e'e=[g & - g 2 (3.4)

I
D

AN

OO

iS minimized.
Consider a new, defined as follows:

E = eTWee (3.76)
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and wheraVe is an, ag/et, unspecifiedN x N weighting matrix. W can takeany form, but one
convenient choice is

We= [covd]-1 (3.77)

where [covd]-1 is the inverse of the covariance matiox the data. With this choice for the
weighting matrix, data with large variances are weighted less thamiihesnall variances.While
this is true ingeneral, it iseasier to show ithe case wheré/¢ is diagonal. This happenghen

[cov d] is diagonal, which implies that thexrors inthe data are uncorrelated. The diagonal entries
in [covd]-1 are then given by the reciprocal of the diagonal entries indcoVhat is, if

2 0 o0
O, 2 . O
-0 2 U
[covd] = 0: 0D (3.78)
O , 0
g0 0 ond
then
B2 0 0O
= 0 052 -
-1_ [ 2 [
[covd] ~ = 0. o 0 (3.79)
0 0
50 0 oy
With this choice foWe, the weighted misfit becomes
N N 0
—aT -
E=e'We= % V\(jejg (3.80)
=1 0] J=1 [
But,
s 1
W =9 o2 (3.81)
whereg; is the Kronecker delta. Thus, we have
]
E= z — € (3.82)
0i

If the ith varianceo? is large, then the component of teor vector in theith direction,e?,
has little influence on the size & This is notthe case in the unweighted leaguaregproblem,
where an examination of Equati¢B.4) clearly showsthat each component of theror vector
contributes equally to the total misfit.
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Obtaining the Weighted Least Squares Solutingy s

If one usek = eTWee as the weighted measure of error, we will see belowthigteads to
the weighted least squares solution:

MwLs = [GTWeG]_lGTWed (3.83)
with a weighted least squares operﬁgm_ls given by

Gys = [GTWG]-IGTW, (3.84)
While this is true ingeneral, it iseasier toarrive atEquation(3.83) inthe case wher®Ve is a
diagonal matrix and the forward problehs Gm is given by the leastiquaregproblemfor a best-
fitting straight line [see Equation (3.6)].

Step 1 N[O N 0 N
T - D= 2
E=e'We Z%Zw,ejm zw,q (3.85)
=1[] jJ=1 ] 171
N N 0 M ﬁ
- Sl - - S wia -
=1 =1 [l =1 [l
— d 2 _ _ 2 2.2
= Wi{d® -2md ~2mdz +nf +2mmyz +méz’) (3.86)
=1
Step2 Then |
JE
F -ZZdW. +2mlzvv. +2mzZaw. (3.87)
and
OE N N N
——=2% digW; +2m )y ZW; +2m, ) ZW; =0 (3.88)
dmz 1=1 ; ;

This can be written in matrix form as

(]
(]
n (3.89)
(]
O
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Step 3 The left-hand side can be factored as

DHw Sawlao1 1% w oz
Saw YAwE oz o ow ES '

or simply

Similarly, the right-hand side can be factored as

- 0 00O
DAL 1%0 ", G
N daw boa - i 0 i [
o - 0 WNN%’ND
or simply
O
Z IWI |:| GTWd

ad.aw.D

(3.90)

(3.91)

(3.92)

(3.93)

Step 4 Therefore, using Equations (3.91 and (3.93), Equation (3.89) can be written as

GTWGm = GTWed
The weighted least squares solutioRy, s from Equation (3.94) is thus
Mmws = [GTWG]1GTWed

assuming thatdT™WeG]-1 exists, of course.

3.7.3 Weighted Minimum Length

(3.94)

(3.95)

The development of a weighted minimum lenggitution is similar tahat of the weighted

least squares problem. The steps are as follows.

First, recall that the minimum leng#iolution minimizesm™m. By analogywith weighted

least squares, we can choose to minimize

mTW,m

50

(3.96)



Geosciences 567: CHAPTER 3 (RMR/GZ)

instead ofnTm. For example, if one wishes to use
Wp = [covm]? (3.97)
then one must replace above with
m — <m> (3.98)
where €m> is the expected, @rpriori, estimate for the parameter values. The reason for tthatis
the variancesnust represent fluctuations about zero.thie weighted leastquaresproblem, it is
assumedhat theerror vector e which is being minimizedhas amean of zero. Thudor the

weighted minimum length problem, we replaneby its departure fronthe expectedralue sm>.
Therefore, we introduce a new functioto be minimized:

L = [m —<m>]TW[m — <m>] (3.99)
If one then follows the procedure in Section 3.6 with this new function, one eventually (as in
“It is left to the student as agxercise!!”) isled to the weighted minimum lengdolution myywm.
given by

MwmL = <> + W1 GT[GW L GT]-Yd — G<m>] (3.100)
and the weighted minimum length opera@%%,”_ , IS given by
G, =W GT[GW; GTJ2 (3.101)

This expression differs from Equation (3.38), page 54 of Mevikieh usedV, rather tharW;m1 .

| believe Menke’s equation is wrong. Note that sleéution dependsxplicitly on the expected, or
a priori, estimate of the model parametens> The second term represents a departure finera
priori estimate >, based orthe inadequacy of the forward proble&xm> to fit the datad
exactly.

Other choices fowy, include:

1. DTD, whereD is a derivative matrix (a measure of fleness ofm) of dimension 1 — 1)
x M:
1 1 0 --- 0O
D= 0 -11 0 (3.102)
BN ..o
O - 0 -1 18
2. DTD, whereD is an M — 2)x M roughness (second derivative) matrix given by

M -2 1 0 - 0
o1 21 N (3.103)
e - 00

D=p _—
m ... 0 1 -2 1H
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Note thatfor both choices ofD presentedDTD is anM x M matrix of rank lesshanM (for the
first-derivative case, it is of rarM — 1, whilefor the second it is of ranM — 2). Thismeansthat
W, does nothave a mathematicahverse. Thiscan introducesome nonuniquenegsato the

solution, butdoes notpreclude finding a solution.Finally, note that many choicder Wy, are
possible.

3.7.4 Weighted Damped Least Squares

In Sections 3.7.2 and 3.7.3 we considevesighted versions of the leastquares and
minimum lengthsolutions. Bothunweighted anaveightedproblemscan be veryunstable if the
matrices that have to be inverted are nearly singular. In the weighted problems, these are

G™WG (3.104)
and
GW GT (3.105)

respectively, for least squares and minimum length problems. In this case, one canwkighmted
penalty, or cost function, given by

E+eL (3.106)

whereE is from Equation(3.85) forweighted leassquares andl is from Equation(3.99) for the
weighted minimum lengtproblem. Onehengoes througtthe exercise of minimizing Equation
(3.106) with respect to the model parametens and obtainswhat is known as theweighted,
damped least squares solutiofp. Itis, in fact, a weighted mix of the weighted lesgtiares and
weighted minimum length solutions.

One finds thaimyp is given by either
Mwp = M> + [GTWG + W] 1GTW[d — G<m>] (3.107)
or
Mwp = <M>+W-1GT[GWLI GT + 2W 1 ]-d — G<m>] (3.108)
where the weighted, damped least squares opeIE'%ér, is given by
Gid = [GTWeG + W]~ 1GTW, (3.109)
or
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The two forms foGV(,é can be shown to be equivalent. TAéerm has the effect of damping the
instability. As wewill seelater in Chapter @using singular-value decompositiprthe above
procedure minimizes the effects of small singular valueST#eG or GW ! GT.

In the next section wavill learn two methods of includinga priori information and
constraints in inverse problems.

3.8 A Priori Information and Constraints
(See Menke, Pages 55-57)

3.8.1 Introduction
Another common type & priori information takes the form dihear equality constraints
Fm =h (3.111)
whereF is aP x M matrix,and P is the number of linearonstraints considered. As arample,

consider the case for which the mean of the model parameters is known. In tglcasty one
constraint, we have

M
%Zm =h (3.112)

Then, Equation (3.111) can be written as

0
=i

Fm = %[1 1 (3.113)

=
|:|
= Dép
oopoo
=

As another example, suppose thatjthenodel parametem; is actually known iradvance.
That is, suppose

m; = hl (3.114)
Then Equation (3.111) takes the form
Oy [0
0. O
- o
Fm=[0 - 0 10 Y Emj E: hy (3.115)
O O 0
jth column Euvl=
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Note that for this example it would be possibleemovem; as an unknown, thereby reducing the

system of equations by one. It is often preferableseEquation (3.94)even inthis case rather
than rewriting the forward problem in a computer code.

3.8.2 A First Approach to Including Constraints

We will consider two basic approaches to including constraintsverseproblems. Each
has its strengths and weaknesses. The first includes the constrainFnrathg forwardproblem,
and the second uses Lagrange multipliers. The steps for the first approach are as follows.

Step 1 IncludeFm =h as rows in a ne\ that operates on the origimal

0my [

O
B %nz o - O (3.116)

#H 0iD thH
%ﬂ O
M [
N+P)xM Mx1 N+P)x1
Step 2 The new N + P) x 1 misfit vectore becomes
RjObSD [gren

%] 0 - %pre (3.117)

(N+P)><1 N+P)x1

Performing aleastsquaresinversion would minimize th@ew e'e, based onEquation
(3.116). The difference

h — here (3.118)

which represents the misfit to the constraints, may be small, but it is unlikely that it would
vanish, which it must if the constraints are to be satisfied.

Step 3 Introduce a weighted misfit:

eTWee (3.119)
whereWe is a diagonal matrix of the form
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5 - 8
W, = 0 1 ] (3.120)
g (big #) o '
] ) 0 Op
o 0 (big#)0,

That is, ithasrelatively large valuedor the lastP entries associatewith the constraint
equations. Recalling thierm of the weighting matriused inEquation (3.77), onsees
that Equation(3.120) isequivalent toassigningthe constraintsvery small variances.
Hence, a weighted leastjuares approach in theasewill give large weight to fitting the
constraints. The size of the biglumbers inWe must be determinedmpirically. One
seeks a numbehat leads to golutionthat satisfiesthe constraintsacceptablyput does
not make the matrix in Equatiof8.104)that must beinverted to obtain theolution too

poorly conditioned. Matricewith alarge range olvalues in them tend to beoorly

conditioned.

Consider the example of the smoothing constraint Rerdyl — 2:
Dm=0 (3.121)

where thedimensions oD =(M— 2) x mm =M x 1, andO = (M- 2) x 1. The augmented
equations are
GO oo

" B (3.122)

Let's use the following weighting matrix:

1 0 00
%) O
1 0
U0 I nxN 0 O
We:U . D:H 0 |92| H
O g2 oU PxP (3.123)
1 O
£ 0 6°H

where@ is a constant. This results time following, with thedimensions othe three matrices in
the first set of brackets beidgx (N +P), (N +P) x (N+P), and \ + P) x M.

Mredol | 00
mWLS_%EHo 6% Hﬁa BHEHo GZIHQ_)E
< >
[GT |62DT] [GT |62DT]
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The lower matrices having dimensiondwk (N+ P )| (N +P) x 1.

= [GTG + @#DTD]-1[ GTD] (3.124)
MxM Mx1

Bed meoE

_QB?DH @DHE [GTd] (3.125)

The three matrices withi(8.125) havedimensionaM x (N + P), (N+ P) x M, andM x 1, which
produce arM x 1 matrix when evaluated. this form wecan seghis is simplythe m g for the
problem

G O

2o gﬁ (3.126)

By varying 6, we can trade off the misfit and the smoothness for the model.

3.8.3 A Second Approach to Including Constraints

Whenever the subject aonstraints igaised, Lagrange multipliers come to mind! The
steps for this approach are as follows.

Step1 Form a weighted sum of the misfit and the constraints:
@m) =eTe+ [Fm—h]TA (3.127)

which can be expanded as
N [ £ P 0
= - m. O . m —h0O
@(m) Z %1. qjmJE +2Z ACS Rm, h% (3.128)

wheret indicates a difference from Equati¢®.43) onpage 56 in Menke, anghere
there ard® linear equality constraints and where the factor of 2 as been addedadtera
of convenience to make the form of the final answer simpler.

Step 2 One then takes the partials of Equation (3.128) with respect to all the entniesoh sets
them to zero. Thatis,

=0 q=12 ..., M (3.129)

which leads to
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2% i GGii ZZqu +zz/\ Fq =0 9=12...,M  (3.130)
1=1 =1

where the first two terms are the same as the $egpstrecase in Equation (3.22a) since

they come directlfrom ele and the lasterm showswhy the factor of 2 was added in
Equation (3.128).

Step 3 Equation (3.130) is ndhe completaedescription of the problem. To tié equations in
Equation (3.130)P constraint equations must also be added. In matrix form, this yields

0G'G FT O mO [GTd0
O O s = 0O, 0 (3.131)
0O F 0 O Oh O

M+P) x M+P) M+P)x1 M+P)x1

Step 4 The above system of equations can be solved as

T TD TD
EEE—RB G F B @ dD (3.132)
DF 00 DhD

As an examplegconsider constraining a straiglme to pass through sompoint ¢, d).
That is, forN observations, we have
di= m +myz i=1,N (3.133)
subject to the single constraint
d =mg +myZ (3.134)
Then Equation (3.111) has the form

HTQ H: d’ (3.135)

We can then write out Equation (3.132) explicitly, and obtain the following:

o ON 3z 10'0%d O

Hvo= gz I 79 %:;d (3.136)

@Mg Rt 7 OE Bd B

Note the similarity betweerEquations (3.136) an(B.32), the leassquares solution tétting a
straight line to a set of points without any constraints:
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ON 2z 0'0gZd O

anas 57 320 Bag D (3.32)

If you wanted to get the same redoilt the straighiine passing through point using the
first approach wittwWe, you would assign

Wi =1 i=1,... N (3.137)
and
WN+1, N+1 = blg # (3.138)

which is equivalent to assigning a small varia(resative to theunconstrained part of the problem)
to the constraint equation. The solution obtained with Equation (3.96) should approach the solution
obtained using Equation (3.136).

Note that it is easy to constrain lines to pass thrdhghoriginusing Equation(3.136). In
this case, we have

d=7z=0 (3.139)

and Equation (3.136) becomes

MmO ON 3z 10'0%d O

e 2s 7 0 Fadg (3.140)

BAE B 0 05 HO

The advantage ofising the Lagrange multiplier approach twonstraints isthat the
constraintswill be satisfied exactly. It often happensowever,that the constraintsare only
approximately knownand usingLagrange multipliers to fit theonstraintsexactly maynot be
appropriate. An example might be a gravity inversion where depth to bedrock at one point is known
from drilling. Constraining the depth to be exactly the drill depth may be misleading if the depth in
the model is an average owsame area. Thethe exactdepth at one point may not be the best
estimate of the deptbver the area iguestion. A secondisadvantage of the Lagrange multiplier
approach ighat it adds oneequation to thesystem of equations in EquatidB.136) for each
constraint. Thiscan add upquickly, making the inversionconsiderably more difficult
computationally.

An entirely different class of constraints are calieear inequality constrainteindtake the
form

Fm >h (3.141)

These can be solved usiligear programmingechniques, but we will not consider them further in
this class.
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3.8.4 Seismic Receiver Function Example

The following is an example ofising smoothing constraints in anverse problem.
Consider ageneral problem itime seriesanalysiswith a deltafunction input. Then the output
from the "model" is theGreensfunction of thesystem. The inverse problem is thisGiven the
Greens function, find the parameters of the model.

input Greens Function
AN > | model | o —"'V'A'V—AW"-
impulse

In a little more concrete form:

model space data space
1 G C a
2 C L
4 2 2_
3 C3 3—
= [Fm)|=> d
M| :
—_ CN N_
\ K Fm=d t

If d is very noisy, themn_s will have ahigh-frequency component to try to "fit the noise,"
but this will not be real. How do we prevent this? f@pwe havdearnedtwo ways: usemyy s if
we know cowd, or if not, we can place a smoothing constraintron An example othis approach
using receiver function inversions can be foundnmmon et al(1990).

The important points are as follows:

» This approach is used in the real world.
* The forward problem is written

deij j=1,2,3..N

* This isnonlinear, but after linearizatidaliscussed irfChapter4), theequations are the
same as discussed previously (with minor differences).

* Note the correlation between the roughness in the model and the roughness in the{data.

« The way tochoosethe weighting parameterg, is to plot the trade-ofbetween
smoothness and waveform fit.
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3.9 Variances of Model Parameters
(See Pages 58-60, Menke)

3.9.1 Introduction

Data errors are mapped into model parameter errors through any type of inverse. We noted
in Chapter 2 [Equations (2.41)—(2.43)] that if

mest = Md +v (2.41)

and if [cov d] is the data covariance matrix whidescribeghe data errors, then tlae posteriori
model covariance matrix is given by

[covm] = M[covd]MT (2.44c¢)

The covariance matrix iEquation (2.44c) isalled thea posteriori model covariance
matrix because it is calculated after the fact. It giwdst aresometimescalled the formal
uncertainties in the model parameters. Itis different fiteea priori model covariance matrix of
Equation (3.79), which is used to constrain the underdetermined problem.

Thea posterioricovariance matrix in Equation (2.44c) shows explicitly the mappirdaiaf
errorsinto uncertainties in the model parameters. Although the mappihbe clearer once we
considerthe generalized inverse in Chapter 7, it is instructivéhiat point to consider applying
Equation (2.44c) to the least squares and minimum length problems.

3.9.2 Application to Least Squares
We can apply Equation (2.44c) to the least squares problem and obtain
[covm] = {{GTG]-1GT}cov d}{[ GTG]-IGT}T (3.142)
Further, if [covd] is given by
[covd] = g2y (3.143)
then
[covm] = [GTG]-IGT[g21{[ GTG]-IGT} T

= 02 [GTG]-IGTG{{GTG]-4 T

o2 {[ GTG]—l}T
= 02[GTG]-1 (3.144)

since the transpose of a symmetric matrix returns the original matrix.
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3.9.3 Application to the Minimum Length Problem

Application of Equatior(2.44c) tothe minimum length problem leads to the following for
thea posteriorimodel covariance matrix:

[covm] = {GT[GGT]-Y[cov d}{ GT[GGT]-3 T (3.145)

If the data covariance matrix is again given by

[covd] =021y (3.146)
we obtain
[covm] = 02 GT[GGT]2G (3.147)
where
[GGT]-2= [GGT]-YGGT]-L (3.148)

3.9.4 Geometrical Interpretation of Variance

There is anotheway to look atthe variance of model parametstimatesfor the least
squares problem that considers the prediction error, or misfit, to the data. Recall that we defined the
misfit E as

E=ele=[d—dreT[d —drre]
=[d-Gm]T[d -Gm] (3.20)
which explicitly shows the dependencezodn the model parameters That is, we have
E =E(m) (3.149)
If E(m) has asharp, well-defineaminimum, then we can conclude thatr solutionm;s is well
constrained. Conversely,i{m) has a broadyoorly definedminimum, then we conclude that our

solutionm g is poorly constrained.

After Figure 3.10, page 59, of Menke, we have (next page),
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A (b)

Am

m est

model parameter m model parameter m

.
m

(a) The best estimateestof model parametan occurs at the minimum d&(m). If
the minimum is relatively narrowthen random fluctuations iE(m) lead toonly
smallerrorsAm in mést  (b) If the minimum iswide, then largeerrors inm can

occur.

One way to quantify this qualitative observation is to realize that the width of the minimum
for E(m) is related to the curvature, secondderivative, ofE(m) at the minimum. For the least
squares problem, we have

= 92

o= =2 _[d-Gm]? 3.150
pucil o [ ] ) ( )
m—mLS m—ml_s
Evaluating the right-hand side, we have fordtreterm
PE 2 2 N 0 M f
oy oy =Tg = [
2 N 0 M O
= _222 %ji -Y gm Bﬂ—qq) (3.152)
1=1 [] J=1 ]
pY. N [ M U
=22 N B.d-S GG,mUD (3.153)
2 qi ij =g
ot & P47 S5M

Using the samesteps as we did ithe derivation of the leagtquares solution in Equations

(3.21)—(3.25), it is possible to s#®mt Equation(3.153) representhe gth term inGT[d — Gm].
Combining theg equations into matrix notation yields
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52
dmz

[d-Gm]? = —2%{@% -Gm} (3.154)

Evaluating the first derivative on the right-hand side of Equation (3.154), we havedtr thiem

N [ M D
2 {GTd-Gm} = ﬁ Zl Eiqdi - Z G;jGigm, E (3.155)
1= 1=
N M J
= —I:1 lea(G”Gmmj) (3156)
N
- _Z ququ (3.157)

which we recognize as the, ) entry inGTG. Therefore, we cawrite theM x M matrix equation
as

)
%{GT[d —Gm]} =G'G (3.158)

From Equations (3.143)—(3.151) wan conclude that theecondderivative of E in the least
squares problem is proportional@G. That is,

J°E

el = (constant)G'G (3.159)

m=mg g

Furthermore, from Equatiof8.143) wehavethat [covm] is proportional to GTG]-1. Therefore,
we can associate largalues of thesecondderivative ofE, given by (3.159)with (1) “sharp”
curvature foig, (2) “narrow” well forg, and (3) “good” (i.e., small) model variance.

As Menke pointsout, [covm] can be interpreted as being controlled either(by the
variance of the data times a measure of bowr inthe data is mapped into model parameters or
(2) a constant times the curvature of the prediction error at its minimum.

| like Menke’s summary for his chapter (paf@) on thismaterial verymuch. Hence,l've
reproduced his closing paragraph for you as follows:

The methods of solvingnverseproblemsthat have beendiscussed in this
chapter emphasize the dattad model parameters themselves. The methdehsf
squares estimates the model parameters with smallest prediction length. The method
of minimum length estimates the simplest model parameters. The ideas of data and
model parameters axery concreteand straightforward, and the methdmissed on
them are simpleand easilyunderstood. Neverthelessthis viewpoint tends to
obscure anmportant aspect of inverggroblems. Namely, that the nature of the
problem depends more aine relationshipbetween the dat@nd model parameters
than on the data or model parameters themselves. It should, for instance, be possible
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to tell awell-designed experiment from @oorly designed onevithout knowing
what the numerical values of the data or model paramat®rer everthe range in
which they fall.

Before considering the relationships implied in the mappgtgeen model parameters and
data in Chapter 5, we exterwhat we nowknow about linear inversproblems to nonlinear
problems in the next chapter.
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CHAPTER 4: LINEARIZATION OF NONLINEAR PROBLEMS

4.1 Introduction

Thus far we have dealt with the linear, explicit forward problem given by
Gm=d (1.13)

whereG is a matrix of coefficientgconstantskhat multiply the model parameter vector and
return a data vectat. If mis doubled, thed is also doubled.

We can also write Equation (1.13) out explicitly as
di: G,jmj |:1, 2, ..., N (41)

This form emphasizethe linear nature of the problemNext, we consider a moregeneral
relationship between data and model parameters.

4.2 Linearization of Nonlinear Problems

Consider ageneral (explicit) relationshipetween theéth datum and the model parameters

given by
di = gi(m) (4.2)

An example might be
dp = 2m3 (4.3)

The steps required to linearize a problem of the form of Equation (4.2) are as follows:

Step 1 Expandg;(m) about some poimhg in model space using a Taylor series expansion:

M [] [l M [, W
d =G (m) = =0 (mO) + Z I(m) mxmj o l Z M mmsz+ O(Amjs)
:15 é‘m m=mgq E 2 1_1% dmj m=mg B

(4.4)
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whereAm is the difference between andmg, or
Am =m —mg (4.5)

If we assume that termsmn? , N> 2, are small with respect fam terms, then

M [ 0
(m) 0
d =g (m)=g(mg) + 99 (m) [Am; (4.6)
| | 0 Zl E d.n m=my J |:|
The predicted daté,- atm =mg are given by
d; =gi(mo) (4.7)
Therefore
M [ 0
d -d = 95(m) Am; U (4.8)
=1 E ‘?rn] m=mg O
We can define the misfiic; as
Ac =d; — d; (4.9)

= observed data — predicted data

Ac; is not necessarilyoise. It is justhe misfit between observeohd predictedlata for
some choice of the model parameter veatgr

The patrtialderivative oftheith data equatiomwith respect to thgth model parameter is
given by
ag (m)

o

These partiaberivatives ardunctionsof the model parameters and may be nonlinear
(gasp) or occasionally even nonexistent (shudder).

Fortunately, the values of these partiafivatives, evaluated abme point in model space
mp, and given by

%(m) (4.10b)
om:

I Im=mg

are just numbers (constants), if thexist, and not functions. We then defir@; as
follows:
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G, = 28m (4.11)
am m=mq
Step 5 Finally, combining the above we have
M
Ag :quAmj i=1...,N (4.12)
J=1 m:mo
or, in matrix notation, the linearized problem becomes
Ac = GAm (4.13)
where
Aci =di — ai = observed data — predicted data
=d; —gi(mo) (4.14)
G, = 28m (4.15)
am m=mq
and
Amy = change fromno); (4.16)

Thus, by linearizing Equation (4.2), vaavearrived at aset of linear equationsyhere now
Ac (the difference between observadd predicted data) is a linear function of changes in the
model parameters from some starting model.

Some general comments on Equation (4.13):

1. In general, Equatio(®.13) only holds irthe neighborhood ofmg, and forsmall changes
Am. The region where the linearization is valid depends on the smoothmgss)of

2. Note thatG now changes with each iteration. That is, one may obtain a différéarteach
spot in solution spaceHaving to reformG at eachstep can be very timgcomputer)
intensive, and often one uses the s@rer more than one iteration.
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4.3 General Procedure for Nonlinear Problems

Step 1 Pick some starting model vectog.

Step 2 Calculate the predicted data veatband form the misfit vector

Ac=d—d
Step3 Form

I Im=m,

Step 4 Solve forAm using any appropriat@everse operatofi.e., leastsquares, minimunfength,
weighted least squares, etc.)

Step 5 Form a new model parameter vector

m =mo +Am (4.17)

OnerepeatsSteps 1-5until Am becomes sufficiently small (convergence is obtained)nif Ac
becomes sufficiently small (acceptable misfit). Note tha{note the boldfaceth) is the estimate

of the model parameters at thh iteration,and not theith component on the model parameter
vector.

4.4 Three Examples

4.4.1 A Linear Example

Supposaji(m) =d; is linear and of the form
2m =4 (4.18)

With only oneequation, wéhaveG = [2], m = [my], andd = [4]. (I know, | know. It's easy!)
Then

0d1/dm1 =G11=2 (fOf alml)

Suppose that the initial estimate of the model vetigr= [0]. Thend = Gmg = [2][0] = [0] and
we have

Ac=d-d=[4]-[0] = [4]
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or the change in thérst and onlyelement ofour misfit vector Ac; = 4. Looking at outone
equation then,

G11Amy =Acy
or 2ANm =4
or Amy =2

Since this ighe only element inour model-changerector(in this case, #my), = Any], we have
Amq = [2], and our next approximation of the model veator, then becomes

my =mg +Amy = [0] + [2] = [2]

We have just completed Steps 1-5 for the first iteration. Nowtiings to update the misfit
vector and see if we have reached a solution. Thus, for the predicted data we obtain

d=Gmy =[2][2] = [4]
and for the misfit we have
Ac=d-d =[4]-[4]=[0]

which indicates that theolution hasconverged in one iteration. To st thesolution does not
depend on the starting point if Equation (4.2) is linear, let’s start with

(mo)l = 1000 =my
Considering the one and only element of our predicted-data and misfit vectors, we have

d1 = 2x 1000 = 2000

and Acy =4 - 2000 =-1996
then 2Amy = -1996
or Amy = -998

SinceAm, is the onlyelement ofour first model-changerector,Am,, we haveAm; = [-998], and
therefore

m1 = mo+ Amq = [1000] + [-998] = [2]
As before, thesolution hasconverged in one iterationThis is a general conclusion if the

relationship between the data and the model parameters is linear. This problem also ithstrates
the nonlinear approach outlined above works wdagn) is linear.
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Consider the following graphs for the system 2 4:

6 — 6 —
4
<s o A
< Ac=d-d=4-2m,
2= g(m):2n‘i:3 /
I | | | |

/ 2 4 6 N\ 4 6

We note the following:
1. Ford versusm, we see that the sloglg(m)/omy = 2 for allm,.

2. For our initial guess offp); = 0,Ac =4 — 0 = 4, denoted by a square symbothenplot
of Ac versusm;. We extrapolate back down telpe tothe point ;) whereAc =0 to
obtain our answer.

3. Because thelope does nathange (the problem imear), thestartingguessmg has no
effect on the final solution. We can always gekda= O in one iteration.

4.4.2 A Nonlinear Example

Now consider, as a second example of the fgim) = d,, the following:
2m3 = 16 (4.19)

Since we have only one unknown, | chose to drop the subscript. Inst@dd,dethe subscript to
denote the iteration number. For exampigwill be the estimate of the model parameteat the
third iteration. Note also that, by inspectionz 2 is the solution.

Working through thisexample as welid the lastone, wefirst notethat G;;, at theith
iteration, will be given by

_ ag(m)

=3 x2Mm?2 =62
am m m

m=m,

Gu

Note also tha6Gq1 is now a function om.

Iteration 1 Let us pick as our starting model
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mp=1
then
_m| g2 e
1= =bmy =
am m=m
also d=2x13=2
and Ac=d—d =16-2= 14

Because we have only one element in our model cheegier, we havéic = [14], and
the length squared Ak, |Ac|R, is given simply by&c)Z:

(AC)2 = 14x 14 = 196
Now, we findAmy, the change toy, as
&am =14
and Amy = 14/6 = 2.3333
Thus, our estimate of the model parameter at the first iteratioig given by

mp =mp+Am; =1+ 2.3333 = 3.3333
Iteration 2 Continuing,
G171 = 6m = 66.66
and d = 2(3.333} = 74.07

thus Ac=d—d = 16 — 74.07 = -58.07

now {c)2=3372
and 66.668m, = -58.07
gives Amp = -0.871

thus my=mg + Amp = 3.3333 — 0.871 = 2.462

Iteration 3 Continuing,
G]_]_ = Gm% = 36.37

and d =29.847
thus Ac =-13.847
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now Ac)2 =192
and 36.3&mz = —13.847
gives Amg = -0.381

thus mg=mp +Anmg = 2.462 — 0.381 = 2.081

Iteration 4 (Will this thing ever end??)

Gy = 6m2 = 25.983

A

and d =18.024
thus Ac =-2.024
now Qc)2=4.1
and 25.988m, = -2.024
gives Amy = -0.078

thus my =mg +Amy = 2.081 — 0.078 = 2.003

Iteration 5 (When were computers invented???)

G11= 6m§1 =24.072

A

and d =16.072
thus Ac =-0.072
now {\c)2 = 0.005
and 24.072mg = —0.072
gives Ams = —0.003

thus ms=my + Ams = 2.003 — 0.003 = 2.000

Iteration & Beginning, we have

G]_]_ = Gm% =24
and d =16
thus Ac=0
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and we quit!''' We shoulchote that wehavequit because the misflias been reduced to some
acceptable level (three significdigures in this case).The solution happens to be amteger, and

we havefound it tothree places.Most solutionsare not integers, and weustdecide how many
significant figures are justified. The answer depends on many things, but one of the most important
is the level of noise in the data. If the data are noisy, it does notsaake talaim that asolution

to seven places is meaningful.

Consider the following graph for this problem:

16 —
g(my=2m3 ——m ~ m = 3.333
12
<o
8_
)] [
AL om | =g
0 | | | |
0 1 2 3 4
m

Note that the slope at = 1, when extrapolated to gi\Eé: 16, yieldsn = 3.333. The solutiothen
iterates back down the curve to the correct solutien2.

Consider plotting\c, rather tharﬂ, versuan (diagram on next page). This is perhapse
useful because when we solve Aon, we are always extrapolatingo = 0.
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16

®——Ac =14atmg=1

12 -
3
slope at m, =1 is extrapolated
toAc=0
8 —
4 —

For this example, we see thanaj = 1, the slop&g(m)/dm= 6. We used this slope &xtrapolate
to the point wheréc = 0.

At the second iteratiomy, = 3.333 and is farther froe truesolution fny = 2) than was
our starting model. Also, the length squared of the misfit is 3372, much worse than thgLa63fit
at ourinitial guess. Thisnakes an important pointyou can still get to the right answewen if
some iteration takes you farther from the solution than where you have been. This is especially true
for early steps in the iteration when you may not be close to the solution.

Note also that if we had started witly closer to zero, the shallow slope woblalvesent us
to an everhighervaluefor m;. We would stillhave recoveredhough (do you sewhy?). The
shallow slope corresponds to a small singusdue, illustrating theproblems associataslith small
singular values. We will consider singular-value analysis in the next chapter.

What do youthink would happen ifou takemy < 0???? Would it still converge to the
correct solution? Tryny = —1 if your curiosity has been piqued!
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4.4.3 Nonlinear Straight-Line Example

An interesting nonlinear problem is fitting a straight line to a set of data pginty (vhich
may contain errors, or noise, aldngththey andz axes. One could cast the problem as

yi=a+bz i=1,...N (4.20)

Assumingz were perfectly known, one obtains a solutionaids by a linear leastquaresapproach
[see Equations (3.27) and (3.32)].

Similarly, if y were perfectly known, one obtains a solution for
z =c+dy, i=1,...N (4.21)

again using (3.27) and (3.32). Thesa® lines can be compared by rewriti(§y21) as dunction
of y, giving

= —(c/d) + (1Md)z i=1,...N (4.22)
In generala # —c/d andb # 1/d because irf4.20) we assumedl of the error, or misfit,
was iny, while in (4.21) we assumethat all of theerrorwas inz. Recall that the quantity being
minimized in (4.20) is
El = [yobs_ypre]T[yobs_ypre]

A 2
= (yi -g/i) (4.23)

=1

where YV is the predicteg value. The comparable quantity for (4.21) is

E,= [Zobs_ Zpre]T[Zobs_ zPre]

N

I
—
AN
|
N>
~
N

(4.24)

where 7 is the predicted value.

For the best fit line in which bothandz have errors, the function to be minimized is

e -yO y-yo
#-20 (- 24
N
E= Z(yi -%)° +(z -3)° (4.25)

1=1

wherey — y andz — Z together compose a vector of dimensidhif2N is the number of pairgi( ).
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Consider the following diagram:

Py;, z;)

7

/

V4  ——

Line PAabove represents the misfityir{4.23), linePC representshe misfit inz (4.24),while line
PBrepresents (4.25).

In order to minimize (4.25) we must bble to write thdorward problenfor the predicted
data (y;, z). Let the solution we seek be given by

y=m +myz (4.26)

Line PB s perpendicular to (4.26), atlus has a slope of +iy. The equation of a lintarough
P(¥:, Z) with slope —Iity, is given by

y—Vi = —(lhyp)(z-2z)
or

y = (Lhp)z +y; — (1hy)z (4.27)

The pointB(V;, ) is thusthe intersection of the linegiven by (4.26) and (4.27).Equating the
right-hand sides of (4.26) and (4.27) for y; andz = Z gives

my +my Z = (imp)z +yi — (1hy) 2 (4.28)
which can be solved faz as
5 — MMy +2 +py;
Z s m% (4.29)

Rearranging (4.26) and (4.27) to giwas a function of and again equating fgr= y; and
z= 7 gives

(Lmp)(§; - M) = —mp §i+ 7 + mpy; (4.30)
which can be solved foy, as
2
N + M,z + M5y,
g = my + Mp7 zmzy. (4.31)
1+m5
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substituting (4.31) fol; and (4.29) forz into (4.25) now giveskE as a function of thenknowns
my andmp. The approach used for theear problem was to take partials Bfwith respect tam
and mp, setthem equal tazero, and solve for m; and np, as wasdone in (3.10) and (3.11).
Unfortunately, the resulting equations for partial€okith respect tam andny in (4.25)are not
linear inmy andm, and cannot be cast in the linear form

G'Gm=GTd (3.18)
Instead, we must consider (4.29) and (4.31) to be of the form of (4.2):
di = gi(m) (4.2)

andlinearize the problem bgxpanding (4.29) and (4.31) inTaylor series about some starting
guesses, and Y, respectively.This requires taking partials of and z with respect tan; and
mp, which can be obtained from (4.24) and (4.31).

Consider the following data set, shown also on the following diagram.

Vi 1 4 5
Z. 1 2 5

y=1.077 + 0.846z

y=0.667 + 1.000z

; z=-0.154 + 0.846y
A 1 11
/

1 2 3 4 5 6 7

z
The linear least square solution to (4.20)
yi=a+bz i=1,2,3 (4.20)
is
yi = 1.077 + 0.84% 1=1,2,3 (4.32)

The linear least squares solution to (4.21)
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z=c+dy i=1,2,3 (4.21)

z =-0.154 + 0.84% i=1,2,3 (4.33)
For comparison witla andb above, we can rewrite (4.33) wighas a function ot as
yi =0.182 + 1.182 i=1,2,3 (4.34)

The nonlinear least squares solution which minimizes

N
E=Y (v —%)° +(z -2) (4.25)
is given by
yi = 0.667 + 1.008 i=1,2,3 (4.35)

From the figure you can see that the nonlinear solution lies between the other two solutions.

It is also possible to consider a weighted nonlinear least squares best fit to a data set. In this
case, we form a nel, after (3.59), as
y-yd. v-90
E:& ABWEE AB (4.36)
-z -z

and wheraVeis a 2 x 2N weighting matrix. The natural choice ffe is
Do B
5 B

the inverse data covariance matrix. If #reors iny;, z are uncorrelated, then the datavariance
matrix will be a diagonal matrix with the variancesypas thefirst N entries and thgariances for
z as the lash entries. If we furthelet Vy andV; be the variance®r y; andz, respectively, then
Equations (4.29) and (4.31) become

—mm,V, + Vyzi +m\,y;
m%VZ + Vy

7 = (4.37)

and

o = n’th + rﬂZVyZi + mgvzyi
| m%VZ + Vy

(4.38)
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If V; =V, then dividingthrougheither(4.37) or (4.38) bythe variancereturns (4.29) or (4.31).
Thus we seethat weighted leassquarestechniques aresquivalent to general leasiguares
techniques when all the data variances are equal and the errors are uncorrelated.

Furthermore, dividing both the numerator and denominator of (4.38) yiglds

LMyt myg +(MEVLY) TV

Vi (4.39)
! [(MEV,)/Vy] +1
Then, in the limit tha¥/; goes to zero, (4.39) becomes
S\/i =M + Nz (440)

which isjust the linear leassquares solution of (4.20)That is, ifz is assumed to bperfectly
known (V; = 0), the nonlinear problem reduces to a linear problem. Similar arguments aude
for (4.37) to show that the linear least squares solution of (4.21) results/Avbees to zero.

4.5 Creeping vs. Jumping $haw and Orcutt1985)

The general procedure described in Sedfidhistermed "creeping” byParker (1985). It
finds, fromthe set ofacceptable misfit models, tlmne closest to the starting modeider the
Euclidian norm.

acceptable mifit
models

my Mo
—»
m
1My

3

Because of the nonlinearity, often several iterationgeayeired to reach the desired misfit.
The acceptabléevel of misfit is free tovary and can besiewed as grarameter thatontrols the
trade-off betweensatisfying the dataand keeping the model perturbation small. Because the
starting model itself is physically reasonable, the unphysical model estimates tendvioidesl.
There are several potential disadvantages to the crespmiggy. Creeping analysis depends
significantly on the choice of the initial model. If the starting model is changed sligimidyy &inal
model maywell befound. Inaddition,constraints applied to model perturbationay not be as
meaningful as those applied directly to the model parameters.

Parker(1985) introduced an alternative approagth a simple algebraisubstitution. The
new method, calledjumping,” directly calculates theew model in asingle step rathethan
calculating a perturbation to the initial model. Now, any suitable marmbe applied to the model
rather than to the perturbations.
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This new strategy ismotivated, in part, byhe desire to map theeighborhood of starting
models neamg to a single finamodel,thus making thesolution lesssensitive to small change in

Mo.
mg @

Let's write the original nonlinear equations as
Fm=d (4.41)

After linearization about an initial modely, we have

GAm =Ac (4.42)
when
6=% Ac=d-Fm, (4.43)
oMl
The algebraic substitution suggested by Parker is to simplagdo both sides, yielding
GAm + Gmg =Ac + Gmg
then
G[Am +mg] = Ac + Gmg (4.44)
and
Gmy=Ac + Gmg (4.45)
or
Gmy=d-Fmg+Gmg (4.46)

At this point, this equation is algebraically equivalent to our starting linearized equation. But
the crucial difference is that now we are solving direfcttythe modelm rather than a perturbation
Am. This slight algebraic difference means we can now apply any suitable constraint to the model.
A good example is a smoothing constraint. If the initial model is not smooth, applying a smoothing
constraint to the model perturbations may makesense. Irthe new formulation, we caapply
the constraint directly to the model. In the jumpscheme, the new model computeddirectly,
and the norm of this model is minimized relative to an absolute origin O corresponding to this norm.
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The explicit dependence on the starting model is greatly reduced.

In our example of the second derivative smoothing mBirixe can now applyhis directly
to the jumping equations.

0G0 _ic+GmpOd

' o0 B A

We should keep in mind that since the problem is nonlinear, there is still no gusnantbe final
model will be unique, and even this "jumping" scheme is iterative.

e
mo ./\-/\@
/ \.
/ 0
To summarize, the main advantage of pamping scheme is that theew model is
calculated directly. Thus, constraints can be imposed directly oxethmodel. The minimization
of the squared misfit can be traded off with the constraint measilosgng optimization ofsome

physically significant quantity. This tends to reduce the strong dependencemticheodel that
is associated with the creeping scheme.

We nowturn ourattention to the generalized inverse in the next toregpters. Waewill
beginwith eigenvalugroblems, and then continweth singular-value problems, the generalized
inverse, and ways of quantifying the quality of the solution.
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CHAPTER 5: THE EIGENVALUE PROBLEM

5.1 Introduction

In Chapter 3 theemphasisvas on developing inversegperators and solutions based on
minimizing some combination ahe (perhapsweighted)error vector e and the modeparameter
vectorm. In this chapter we will change the emphasis to the opegattself. Using the concepts
of vector spaces and linear transformations, we will contiorG maps modeparameter vectors
into predicted data vectors. This approadh lead to thegeneralized inverse operatotWe will
see that the operators introduced in Chapter 3 can be thought of as cgeesabthe generalized
inverseoperator. The power of the generalizaderse approactowever,lies in the ability to
assesshe resolution and stability of trsolution based othe mapping back anfbrth between
model and data spaces.

We will begin by considering the eigenvalue problem for square matrices, and extend this to
the shifted eigenvalue problem for nonsquare matrices. Once we have learned how to decompose a
general matrixusing the shiftedeigenvalue problem, wevill introduce the generalizeverse
operator, show how it reduces to thgerators and solutions from Chapter 3pecial cases, and
consider measures of quality and stability for the solution.

The eigenvalu@roblem plays aentral role in thevector space representation ofverse
problems. Although some of thislikely to bereview, it isimportant tocover it insomedetail so
that theunderlying linear algebra aspects anade clear. This will lay the foundationfor an
understanding of the mapping of vectors back and forth between model and data spaces.

5.2 Eigenvalue Problem for the SquareM x M) Matrix A

5.2.1 Background

Given the following system of linear equations
Ax=Db (5.1)

whereA is a generdll x M matrix, andk andb areM x 1 column vectors, respectively, it is natural
to immediately plunge in, calculatel, the inverse of\, and solve fok. Presumably, there are lots
of computer programs available to invert square matrices, so why not justheamebblemover to

the local computer hack and be done with it? fE@sonsare manyput let it suffice to saythat in
almost all problems in geophysi@s;! will not exist in the mathematical sense, and our veikbe

to find an approximate solution, we hope along with some measure of the quality of that solution.

One approach to solving Equation (5above isthroughthe eigenvalug@roblemfor A. It

will have the benefitthat, inaddition to findingA-1 when it exists, iwill lay the groundwork for
finding approximatesolutions forthe vastmajority of situationswhere theexact, mathematical
inverse does not exist.
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In the eigenvalue problem, the matwx is thought of as a linear transformatidimat
transforms ond-dimensional vector into anothi#t-dimensionalvector. Eventually, wevill seek
the particularx that solvesAx = b, but the starting point is the more general problem of
transforming any particulav-dimensional vector into anothk-dimensional vector.

We begin by definindgl space as the space alf M-dimensional vectorsFor example, 2
space is the space of all vectors in a plane. The eigenvalue problem can then be defined as follows:

ForA, anM x M matrix, find all vectors in M space such that
As=As (5.2)

whereA is a constant called the eigenvalue argithe associated eigenvector.

In words, this means find all vect@that, when operated on By return a vector thgioints in the
same direction (up to the sign of the vector) with a length scaled by the canstant

5.2.2 How Many Eigenvalues, Eigenvectors?

If, As=As, then
A —Alpm]s=0um (5.3)
whereQy is anM x 1 vector ofzeros. Equatioi(5.3) iscalled ahomogeneous equatidiecause
the right-hand side consists of zeros. It hasrrivial solution(e.g.,s # [0, O, . . ., O]) if and
only if
A=Ayl =0 (5.4)
where
a1-A  ap - Ay
A-Ay=| B f2TA % (5.5)
am1 aym ~ A

Equation (5.4), also called the characteristic equation, is a polynomial oibrdet of the
form

AM + CM_]_/\M_l + C|\/|_2/\M_2 + [+ CoAO =0 (5.6)
Equation (5.6) hasl and onlyM roots forA. In generaltheserootsmay be compleXshudder!).

However, ifA is Hermitian, therall of the M roots are real (whew!). Theynay, howeverhave
repeated values (ugh!), be negative (ouch), or zero (yuk).

We may write thévl roots forA as
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AL A, A

For eachAj an associatedigenvectors; which solves Equatio(b.2) can be (easilyjound. It is
important to realize that the ordering of thés completely arbitrary.

Equation (5.2), then, holds fof values ofp;. That is, we have
A=2A1, s=(t, s, ....88 )T =9
A=Ay s=(8,5,...,.83) =% (5.7)
A ::}\M, s= (SM,:§\2/I ST =5y

About the above notations] is theith component of thfth eigenvector. Iturns out to bevery
inconvenient touse superscripts tdenote which eigenvector is, so s will denote thejth
eigenvector. Thus, if | usmnly a subscript, it refers to the number of the eigenvector. Of course, if
it is a vector instead of a component of a vector, it should always appear as a bold-face letter.

The length of eigenvectors is arbitrary. To see this note that if
ASj = AjS; (5.8a)
then
A(2s) = Ai(2s) (5.8b)

sinceA is a linear operator.

5.2.3 The Eigenvalue Problem in Matrix Notation

Now that we know that there avkvalues ofA; andM associated eigenvectors, we caite
Equation (5.2) as

As = As i=1,2 ..., M (5.9)

Consider, then, the following matrices:

@A, 0 - 00
O
Az
/\:E? 0% (5.10)
O O
@ - 0 AuQ
M x M

and
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(5.11)

MmO

O :
S= %1 S, ‘- Sy
H :
MxM
where thath column ofSis the eigenvecta; associated with thigh eigenvaluelj. Then Equation
(5.9) can be written in compact, matrix notation as

AS = SA (5.12)

where the order of the matrices on the right-hand side is important! Thisdet usconsider the
ith columns of AS] and [SA], respectively. The first component of title column of AS] is given
by

M M _
(A9); = Z S = Z Sk (5.13)
=1 =1

wheresj = s|'< Is thekth component of theth eigenvector.

Similarly, components 2 throug¥ of theith column are given by

M M |
(AS)y = Z kS = Z oKk
. =1 . =1

M M _
(AS)yi = Z amkSa = Z G (5.14)
=1 =1

Therefore, théth column of AS] is given by

(5.15)

i
Ak

>
N,
[
O]
|l
cee l\%,
N
0
DoO0Qgooooo
>
17

=1
That is, thath column of AS] is given by the product & and thath eigenvectors.

Now, the first element in théh column of §A] is found as follows:
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M M
[$A];; = Zﬁk/\ki = Z S\
=1 =1

But,
0, K #i
5|(IA _DAU -
wheredy; is the Kronecker delta. Therefore,
BALi =s| A

Entries 2 througiM are then given by

M
[SA], = ZSE/\ki = A
=

M
[SA]yi = ZSII\(/IAki =suA;

Thus, thath column of §A] is given by

i 0 'D
0 il

O: o Aigs oA

0,0 O 0

BuE Bwi

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

Thus, we have that the original equation defining the eigenvalue problem [Equation (5.9)]

Asj = AjS;
is given by theth columns of the matrix equation
AS =SA
Consider, on the other hand, ttiecolumn ofAS

M
[AS]y = Z/\lkski =As
=

M

[AS] = Z NS =2
=
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M
[ASyi = Z/\Mks‘d = AmSu (5.21a)
=1
Therefore, théth column of \S] is given by
[AS]i = As (5.21b)

That is, theproduct of A with the ith eigenvectors;. Clearly, this is not equal t&As; above in
Equation (5.9).

5.2.4 Summarizing the Eigenvalue Problem for A

In review, we found that we could write the eigenvalue problerAxXor b as

AS =SA (5.12)
where
o : O
S=% S ¢ Sup (5.11)
H ' B
is anM x M matrix, each column of which is an eigenvegf@uch that
Asj = AjS; (5.9)
and where
A, O 00O
- U
A :
A= BO 2 O (5.10)
: onQ
U [l
o -~ 0 AyQ

is a diagonaM x M matrix with the eigenvalug of As; = Ajs along the diagonal and zeros
everywhere else.

5.3 Geometrical Interpretation of the Eigenvalue Problem
for Symmetric A

5.3.1 Introduction

It is possible, of course, tcover themechanics of the eigenvalgeoblem withoutever
considering aeometrical interpretation. Theig however, a wealth offormation to be learned
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from looking atthe geometry associatedth the operatorA. This material isnot covered in
Menke’s book, although some of it isovered inStatisticsand Data Analysis irGeology 2nd
Edition, 1986, pages 131-139, by J. C. Davis, published by John Wiley and Sons.

We take as an example the symmetrnc2matrixA given by

2
A= g 35 (5.22)

Working with a symmetric matrixassuregeal eigenvalues. Waiill discussthe casefor the
general square matrix later.

The eigenvalue problem is solved by
[A—=All=0 (5.23)

where it is found that; = 7,A2 = 2, and the associated eigenvectors are given by

s, = [0.894, 0.447] (5.24a)
and

s, = [-0.447,0.894] (5.24b)
respectively. Becausk is symmetrics; ands, are perpendicular to eadther. The length of
eigenvectors is arbitrary, btdr orthogonaleigenvectors it is common to normalize them to unit
length, as done in Equations (5.24a) and (5.24b). The sigigerivectors is arbitrary agell, and

| have chosen the signs fgrands, in Equations (5.24a) and (5.24b) fmnvenience when | later
relate them to orthogonal transformations.

5.3.2 Geometrical Interpretation

The system of linear equations
Ax =b (5.1)
implies that thevl x M matrix A transformdV x 1 vectorsx intoM x 1 vectorsb. In ourexample,
M = 2, and hence = [x1, Xo] T represents a point in 2-space, &nd [by, by]T is just another point
in the same plane.
Consider the unit circle given by
XTX =x2 +x2 = (5.25)

Matrix A mapseverypoint on thiscircle onto another point.The eigenvectors; ands,, having
unit length, are points on this circle. Then, since

ASj = AjS; (5.8a)

we have
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.8940 E6258D 10.8940
O= =70 0

> (5.26a)
04471 [B129 | [0.447F

0
0
H
and

6 2D B—O 4470 E+O 894D -0.4470
As, =0 O=0 =20 0 (5.26b)
R 3@ EO 894 H H1.788 E H0.894 H

As expected, wheA operates on an eigenvector, it returns another vector p&oalkahtiparallel) to
the eigenvectorscaled by the eigenvalueVhen A operates on any direction different from the
eigenvector directions, it returns a vector that is not parallel (or antiparallel) to the original vector.

What isthe shape mapped out By operating on the unitircle? Wehavealready seen
wheres; ands, map. If we map outhis transformation fothe unitcircle, weget an ellipse, and
this is an important element of the geometrical interpretatféhat isthe equatiorfor this ellipse?
We begin with our unit circle given by

xTx =1 (5.25)
and

Ax=b (5.1)
then

x = A-1p (5.27)

assumingA-1 exists. Then, substituting (5.27) into (5.25) we get for a geAeral

[A-1b]T[A-1b] = bT[A-TA-Ib =1 (5.28a)
WhereA is symmetric,
[A-T =A-1 (5.28b)
and in this case
bTA-1A-1h =1 (5.28c)

After somemanipulations, Equatio(b.28) for the present choice ok given in Equation(5.22)
gives

bf | bb, , b =1 (5.29)
15077 5444 " 4.900

which we recognize as the equation of an ellipse inclined to, thiedb, axes.

We can now make the following geometrical interpretation onbt®s ofthe eigenvalue
problem:
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1. The major and minor axis directions are given by the directioriseokigenvectors; and
Sp.
2. The lengths othe semimajor and semiminor axestbé ellipseare given by the absolute

values of eigenvaluely andA,.

3. The columns o (i.e., [6, 2T and[2, 3] in our examplé are vectors fronthe origin to
points on the ellipse

The third observation follows from the fact tabperating on [1, @Jand [0, 1]" return the
first and second columns Af respectively, and both unit vectors clearly fall on the unit circle.

If one of the eigenvalues is negative, the unit circle is still mapped orgliipme, but some
points around the unit circle will be mapped back thrahghcircle to theother sideThe absolute
value of the eigenvalue still gives the length of the semiaxis.

The geometrical interpretation changes somewlatsfnot symmetrical. The undircle is
still mapped onto aellipse,and the columns oA still representvectorsfrom the origin topoints
on the ellipse. Furthermore, the absolutdues of the eigenvalues sijive the lengths of the
semimajor and semiminor axed he only difference isthat the eigenvectors, ands, will no
longer be orthogonal to each other and will not give the directions of the semimajor and semiminor
axes.

The geometrical interpretatidimolds forlarger-dimensional matrices. In the presemt 2
casefor A, the unit circlemaps onto an ellipseFor a 3x 3 case, ainit sphere maps onto an
ellipsoid. In general, theurface defined bthe eigenvalugroblem is of dimension orlessthan
the dimension oA.

The following page presents a diagram of this geometry.
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Geometry of the Eigenvalue Problem

A_| 6 2

| 12 3
hy =7, hy=2

_ 10.897

1 31"-0.447

X
% Blowup of
’ - Central Portion

. . . from Above
. 1 0 1 2
X
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5.3.3 Coordinate System Rotation

For the case of a symmetr& matrix, it ispossible tarelate the eigenvectors 8f with a
coordinate transformatiothat diagonalize®\. For the example given irfEquation (5.22), we
construct the eigenvector matBxvith the eigenvectors; ands, as thefirst and secondolumns,
respectively. Then

[0.894 -0.447Q

“Ra4a7 08uH (5-30)

Sinces; ands, are unit vectors perpendicular to one another, we se$ thptesents an orthogonal
transformation, and

S§ =SIs=1, (5.31)
Now consider the coordinate transformation shown below

y

+0

where

X'0_[Ocosd  snéOxOd_

Yl Hsine cos@HB/E B/E (5.32a)

and

[eosf@ -snOx'

B’E Hin6 coseﬁg/ﬁ_ B,:E (5.32b)

whereT transforms X, y]T to [X, y]T andTT transforms X, y]T to [x, y], where@ is positive for
counterclockwise rotation fromto X', and where

TT=TTT=I, (5.32¢)
It is always possible to choose the signs;@nds, such that they can be associated witandy,

as | have done in Equations (5.24a) and (5.24b). Looking at the comporgntheri, we seéat
0= 26.6°, and we further note that
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S=TT (5.33)

The matrixA can also be thought of as a symmetgcond-order tensor (such as stresstrain,
for example) in the originak(y) coordinate system.

Tensors can also be rotated into tkigy() coordinate system as
A =TATT (5.34a)
whereA' is the rotated tensor. Using Equation (5.33) to reflaceEquation (5.34) yields
A’ =STAS (5.34b)

If you actually perform this operation on the example, you will findAha given by

A=

¥ 0O
of (5.35)

Thus, we findthat in the newcoordinate system defined lilye s; ands, axes,A’ is a
diagonal matrix with the diagonals given by the eigenvalugs. off we were to write thequation
for the ellipse in Equation (5.28) in thé, {/) coordinates, we would find

(CORN D
49 4

(5.36

which is just the equation of an ellipseith semimajor and semiminor axes alignedh the
coordinate axes and of length 7 ande®pectively. This new ', y') coordinate system is often
called the principal coordinate system.

In summary, we see that the eigenvalue problem for symmetesults in an ellipse whose
semimajor and semiminor axis directions and lengths are given by the eigenvecteigeavalues
of A, respectivelyandthat these eigenvectors cantheught of as the orthogonal transformation
that rotatesA into a principal coordinate systewhere the ellipse is alignedith the coordinate
axes.

5.3.4 Summarizing Points

A few points can be made:

1. The trace of a matrix is unchanged by orthogonal transformations, where the trace is defined
as the sum of the diagonal terms, that is
M
trace (A) = Z a; (2.12)

1=1

This impliesthat trace A) = trace A’). You canuse thisfact to verify thatyou have
correctly found the eigenvalues.
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2. If the eigenvaluebad beerrepeated, it would imply that the length of th@ axes of the
ellipse are the same. That theellipse would degenerate into a circle. this case, the
uniqueness ofhe directions of the eigenvectors vanishes. Amg vectors,preferably
orthogonal, would suffice.

3. If one of theeigenvalues is zero, mheans the minoaxis haszero length, and the ellipse

collapses into a straight line. No information about the direction perpendicular riwajie
axis can be obtained.

5.4 Decomposition Theorem for Square A

We have considered tlegenvalugproblemfor A. Now it istime toturn ourattention to

the eigenvalue problem fé&T. It is important to do so because wi# learn thatAT hasthe same
eigenvalues a8, but ingeneral, different eigenvectors. Wwill be able tousethe information
about shared eigenvalues to decompogeo a product of matrices.

5.4.1 The Eigenvalue Problem for A

The eigenvalue problem féT is given by
ATri = niri (5.37)

wheren, is the eigenvaluandr; is the associateM x 1 column eigenvector.Proceeding in a
manner similar to the eigenvalue problemAome have

[AT—I]| M]r = Ou (538)
This has nontrivial solutions forif and only if
AT —nlu|=0 (5.39)

But mathematicallyg| = BT|. That is, theleterminant is unchangeehenyou interchange rows
and columns! The implication is that thikth-order polynomial im

v + by_ypM-1 + I3 bpn® =0 (5.40)

is exactly the same as thih-order polynomial im for the eigenvalu@roblemfor A. That is,A
andAT have exactly the same eigenvalues. Therefore,

ni = A (5.41)

5.4.2 Eigenvectors for A

In general, the eigenvectossfor A and the eigenvectons for AT are not the same.
Nevertheless, we can write the eigenvalue probleATan matrix notation as
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ATR =RA (5.42)
where

oo 0
R=th T~ g (5.43)
B B

is anM x M matrix of the eigenvectors of ATr; = Ajrj, and where

A, 0 00
. 0
A
/\=§? 2 o% (5.44)
0 O
0 0 AmO

is the same eigenvalue matrix shared\by

5.4.3 Decomposition Theorem for Square Matrices
Statement of the Theorem

We are now in gosition to decomposéhe squarematrix A as the product othree
matrices.

Theorem: The squard x M matrixA can be written as
A = SART (5.45)

whereS is theM x M matrix whose columns are the eigenvectos,dR is theM x
M matrix whose columns are the eigenvectoré @fandA is theM x M diagonal
matrix whose diagonal entries are the eigenvahesed byA andAT and whose
off-diagonal entries are zero.

We will use thistheorem to findthe inverse ofA, if it exists. In thissection, then, wavill go
throughthe steps to shovthat the decomposition theorem is tréis involves combining the
results for the eigenvalue problems foandAT.

Proof of the Theorem

Step 1 Combining the results fak andAT. We start with Equation (5.12):
AS =SA (5.12)
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Premultiply Equation (5.12) bgT, which gives
RTAS = RTSA (5.46)
Now, returning to Equation (5.42)
ATR =RA (5.42)

Taking the transpose of Equation (5.42)

ATR]T = RA)T (5.47a)
or
RT[AT]T = ATRT (5.47b)
or
RTA =ART (5.47c)
since
[AT]T=A
and
AT =A

Next, we postmultiply Equation (5.47c) Byto get
RTAS = ARTS (5.48)
Noting that Equations (5.46) and (5.48) have the same left-hand sides, we have
RTSA =ARTS (5.49)
or
RTSA —ARTS = 0Oy (5.50)

where0y, is anM x M matrix of all zeroes.

Step 2 Showing thaRTS = I. In order to proceed beyond Equation (5.50), we need to show
that
RTS=1Iy (5.51)

This means two things. First, it means that

96



Geosciences 567: CHAPTER 5 (RMR/GZ)

[RT]-1=S (5.52)

and
S1=RT (5.53)

Second, it means the dot product of the eigenvectdrs {the columns oR) with the
eigenvectors s is given by

S == (5.54)

That is, ifi # j, ri has no projection ont. If i =], then the projection af ontos; can be

made to be 1. $aythat it can be made to be 1 becauseléhgths of eigenvectors is
arbitrary. Thus, if the two vectors have a nonzero projection onto each other, the length of
one, or the other, asome combination of bottectors, can behangedsuch that the
projection onto each other is 1.

Let us consider, for the moment, the matrix proRi&, and let
W =RTS (5.55)
Then Equation (5.50) implies

O(A =AWy (Ap =AW, - @M—Al)vxmg

B(Al AWy (Ap =AMy o [y A o)Wy al
. ) . : 0

[ : : . :
B At (o =AWz (4 =A ) Wha

Thus, independent of the values #4;, the diagonal entries, we have that:

Oy, (5.56)

00 (A2 =AW -+ Ay A1)V =
D(Al _/\Z)V\él 0 (/\ M ~A z)V\éM g (5.57)
o ; : o M '
O
gAl_/\M)WMl A2 =AnMWhyz - 0 g
If none of the eigenvalues is repeated (Ag# Aj), then
Ai=A)#0 (5.58)
and it follows that
Wij= 0 i Z]j (5.59)

If Aj = Aj for somepair of eigenvaluesthen it can still beshownthat Equation(5.59)

holds. The explanatiomests onthe fact that when an eigenvalue is repeated, there is a
plane (or hyper-plane ifM > 3) associatedvith the eigenvaluesather that a single
direction, as is the case for the eigenvector associated with a nonrepeated eigenvalue. One
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hasthe freedom taehoosethe eigenvectors;, s; andrj, 5 in such away thatWjj = 0,
while still having the eigenvectors span the appropriate planes. Needsass tioeproof
iIs much more complicated théor the case without repeategyenvaluesandwill be left
to the student as an exercise.

The end result, however, is that we are left with

MW, 0 - 0O
O . d
O .

rTs=0° Y2 0 (5.60)
O: . 0 O
H O
oo - 0 WumO

We recognize th&\; entries as the dot productrpfands;, given by

M Mo

W = Zrkiski = Zﬁiﬁi =r's (5.61)
=1 =1

If Wi # 0, then we can mak#&/j = 1 by scalingj, 5, or some combination of both. We
can claim thaWi; # 0 as follows:

1. rjis orthogonal tg, i #].
That isrj, a vector inM space, is perpendicular kb — 1 other vectors iM space.
TheseM — 1 vectors areot all perpendicular to each other, aar work would be
done.

2. However, the vectors R (andS) spanM space.
That is,one canwrite anarbitraryvector inM space as a linear combination of the
vectors inR (orS). Thusyj, which has no projection vl — 1 independentectors
in M space, must have some projection on the only vector I8fsin

Since the projection is nonzero, one has the freedom to choaseths such that

M Mo
W; = Zrkiski = ZHLSL =r's =1 (5.62)
= =

Thus, finally, we have shown that it is possible to scale the vectBramal/orS such that

RTS=1y (5.63)
This means that
RT =St (5.64)
and
RTS|T=1T=| =STR (5.65)
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and
g =R1 (5.66)
Thus, the inverse of one is the transpose of the other, etc.

Before leaving this subject, Ishould emphasize thaR and S are not orthogonal
matrices. This is because, in general,

RTR # Iy # RRT (5.67a)
and
SIS#Iy#zSY (5.67b)

We cannotevensay that S and R are orthogonal t@achother. It is truethat r; is
perpendicular tg;, i #j, because we have shown that

rfg=0 i #]
but
rTs=1 (5.68)
does not imply that; is parallel tos. Recall that
i’ =[] |ls] cosé (5.69)
wherefis the angle between ands;. The fact thayou canchoosejr;|, ||s;|| suchthat
the dot product is equal to 1 does not require@Qlet zero. Irfact, it usuallywill not be

zero. It will be zero, however, & is symmetric. In that case,andS become orthogonal
matrices.

Final justification thatA = SART. Finally, now that we have shown tifitS = I, we go
back to Equations (5.12) and (5.47):
AS = SA (5.12)
and
ATR =RA (5.47)
If we postmultiply Equation (5.12) tRT, we have
ASRT = SART (5.70)

But
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SRT =1y (5.71)
because, if we start with
RTS=Iy (5.63)

which we so laboriously proved in the last pages, and postmultigypwe obtain

RTSS1=51 (5.72a)
or
RT =51 (5.72b)
Premultiplying byS gives
SR = Iy (5.73)

as required. Therefore, at long last, we have

A =SAR' (5.74)

Equation (5.74) shows that an arbitrary squdrg M matrix A can be decomposeato
the product of three matrices

W : 0
S=% S - swp (5.11)
g ¢ B
whereSis anM x M matrix, each column of which is an eigenvegt@uch that
Asi = AjS (5.9)
0o : 0
R=th o Twp (5.43)
B =
whereR is anM x M matrix, each column of which is an eigenvecf@uch that
ATri = Ajri (5.38)
@A O 0
A
A= BO 2 (5.10)

o
I o

g-H
o

>
z
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whereA is a diagonaM x M matrix with the eigenvaluek of
Asi = AjS (5.9
along the diagonal and zeros everywhere else.
A couple of points are worth noting before going on to usettieigrem to find the
inverse ofA, if it exists. First, notll of the eigenvalued; are necessarily real. Some

may be zero. Some may even be repeated. Second, notkaal&king thdranspose of
Equation (5.74) yields

AT =RAST (5.75)

5.4.4 Finding the Inverse Alfor the M x M Matrix A

The goal in this section is to uiguation(5.74) to findA-1, the inverse td\ in the exact
mathematical sense of

A-1A = Iy (5.76a)
and
AA-1= |y (5.76b)
We start with Equation (5.9), the original statement of the eigenvalue problém for
As; = AjS (5.9)
Premultiply byA-1 (assuming, for the moment, that it exists)

A-1As; = A-Y(Ajs)

=\A-1s (5.77)
But, of course,
A-1A =1y
by Equation (5.76a). Therefore,
S = AjA-1s; (5.78)
or, rearranging terms
A-ls = (1)s Ai#£0 (5.79)
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Equation (5.79) is of the form of an eigenvalue problemfadh it is astatement of the eigenvalue
problem forA-1I The eigenvalues fok—1 are given by the reciprocal of tle@genvaluesor A. A
andA-1share the same eigenvectgrs

Since we know the eigenvaluasd eigenvectoror A-1, we canusethe information we
have learned on how to decompose square matrices in Equation (5.74) fo-haise

A"l=sAIRT (5.80)
where
/A, 0 -+ 0 O
A= E 0 14 E B (5.81)
U . . 0 O
Ho 0 UAyD
Hence, if we can decompo8eas
A = SART (5.74)
one can find, if it existéA—1 as
A-1=SA-IRT (5.80)
Of course, ifAj = 0 for anyi, then 14; is undefined and henéel does not exist.
5.4.5 What Happens When There are Zero Eigenvalues?
Suppose that some of the eigenvalljesf
ASj = AjS; (5.9

are zero. What happenghen? First, of coursé—1 does noexist in themathematicakense of
Equations (5.76a—b). Given that, however, let us look in more detail.

First, suppose there dPenonzerad; and M —P) zeroA;. We can order th#& such that
Wil 2 N2 2 ARl > O (5.82)

and
/\p+1: Ap+2 == /\M =0 (583)

Recall thatone is always free torder theA; any way one chooses, as long #®e s andrj in
Equation (5.74) are ordered the same way.

Then, we can rewrit& as
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@A, O 00O
O
0 A 5
O O
0. .0
/\ = DZ AP . |:| (584)
O 0 O
O O
O O
=0 o
Consider Equation (5.74) again. We have that
A =SART (5.74)
We can write out the right-hand side as
@ O oon M O
BO 2 ad r O
2 00 2 O
O od 0d O
0. .00 0
%1 52 Sp Sp+1 SI\/I BD /\p . |:||:| rp 0 (585)
O 0 Ol r O
- o 0o o0
O 0d : O
EY OHE- ™™ 8
whereS, A\, andR are allM x M matrices. Multiplying ouSA explicitly yields
D“ rl ...EI a
0. , .0O
[l 2 O =
O : : 00 O
ad O
%\151 A2 S Apsp O Ogp- ' g O 5 86
g : : E%“ (Pt S R (5.86)
O : M-P
- B O
| P O M-B | | O M |

where we see that the lad & P) columns of the produ@A are allzero. Note alsthat the last
(M =P) rows ofRT (or, equivalently, the lasM —P) columns ofR) will all be multiplied by zeros.

This means thab,, Sp+o, . . . .Sy andrp, rpsq, . . . ,lv are not needed to ford! We say
that these eigenvectors are obliterated in (oAhyr thatA is blind to them.

In order not tahave to writeout this partitioning in long handachtime, let us make the
following definitions:
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LetS=[Sp| S ], where
0 : 0
Ss=th S - Sep (5.87)
(SHE : B

is anM x P matrix with theP eigenvectors ofAs; = Ajs; associatedvith the P nonzero
eigenvalueg; as columns, and where

(5.88)

OO

O: :
So = %Pﬂ Sp+2 t Swm
g: '

is anM x (M —P) matrix with the /1 —P) eigenvectors associated with the zeigenvalues
of As; = Ajs as columns.

LetR = [Rp | Ro], where

0o 10
Rp = %1 ry - rpg (5.89)
B =

is anM x P matrix with theP eigenvectors oATr; = Ajrj associatedvith the P nonzero
eigenvalueg; as columns, and where
0:

Ro = %Pﬂ ez == Tm

H:

is anM x (M —P) matrix with the M —P) eigenvectors associated with the zeigenvalues
of ATrj = Ajrj as columns.

(5.90)

MmO

Let
LA ou
/\P = B_P‘ ]
00 0g

where/p is theP x P subset of\ with theP nonzero eigenvaluel along the diagonal and
zeros elsewhere, as shown below

A, 0 00
.0
Ap = BO & 0 (5.91)
: o4
0 0
0 0 ApQ
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and where the rest &f consists entirely of zeros.

We see, then, that Equation (5.86) implies thatan be reconstructesith just Sp, Ap, and
Rp as

A = S Ap Rp
MxM MxP PxP PxM (5.92)

It is important to note thak can be reconstructadsing either Equatior(5.74) orEquation(5.92).
The benefit of using Equation (5.92) is that the matrices are smaller, and it could save you effort not
to have to calculatheri, s; associateavith the zero eigenvalues. An important insight into the

problem, however, is that althoughcan be reconstructed without any information about directions
associateavith eigenvectors havingero eigenvalues, nanformation can beetrieved, or gained,
about these directions in an inversion.

5.4.6 Some Notes on the Properties op 8nd Rp

1. At bestSp is semiorthogonal. It is possible that
S',[ S=lp (5.93)

depending on the form (anformation) ofA. Notethat theproductsg S has dimension
(PxM)(M x P) = (P x P), independent d¥l. The product will equdk if and only ifthe P
columns ofSp are all orthogonal to one another.

It is never possible that
SeSy =1 (5.94)

This product has dimensioM(x P)(P x M) = (M x M). Sp hasM rows,but only P of
them can be independent. Each rowsefcan be thought of asweector inP-space (since
there ard® columns). OnlyP vectors inP-space can be linearly independent, s P.

2. Similar arguments can be made alityut That is, at besRp is semiorthogonal. Thus
RERp=Ip (5.95)

is possible, depending on the structurdofit is never possible that

RpRY =1y (5.96)
3. A-1does not exist (since there are zero eigenvalues).
4. If there is some solutionto Ax = b, (which is possiblegven if A-1 does nogxist), then

there are an infinite number of solutions. To see this, we note that
Asi=Ajs =0 i=P+1,P+2,... M (5.97)

This means that if
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Ax =b (5.1)
for somex, then if we add;, (P + 1)< i <M, tox, we have
A[X +s] =b + Ajs (5.98a)
=b (5.98b)
sinceA is a linear operator. This means that one could write a general solution as

M
X=x+ Y as (5.99)

whereaq; is an arbitrary weighting factor.

5.5 Eigenvector Structure of ms

5.5.1 Square Symmetric A Matrix With Nonzero Eigenvalues

Recall that the least squares problem can alwaysabsformed intdhe normal equations
form that involves square, symmetric matrices. If we start with

Gm=d (5.100)
GTGm =GT'd (5.101)
ms = [GTG]-1GTd (5.102)
LetA =GTG andb =GTd. Then we have
Am =b (5.103)
mis=A-1b (5.104)

where A is a square, symmetric matrixNow, recall thedecomposition theorenfior square,
symmetric matrices:
A = SAST (5.105)

whereS is theM x M matrix with columns of eigenvectors &, andA is theM x M diagonal
matrix with elements of eigenvaluesfAf Then, we have shown

A-1=SA-1ST (5.106)
and

my s = SA-1STh (5.107)
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Let's take aloser look athe "structure” ofm s. The easiestvay to dothis is to use a
simple example witivl = 2. Then

A-lo B Sp03/A; 0 OB SuO

= (5.108)
EZl SZZHH 0 1/}\25&2 5225
o
1 _Bu S0 A
A= Lo (5.109)
Em 3225& S22
Ay A
B 51_21 +51_22 SuS | S1252 512522
at=0 M A2 A i (5.110)

S, S22 S ,% U
A A AL Ag

This has the form athe sum oftwo matricespnewith 1/A; coefficient and the othewith
1/A, coefficient.
ALzt Dsll %1521%4_ 1 DS_LZ S12522
Al @21311 %1 Az @22512 322 D

1 (5110

:A—lgz H[Sn 521]+ %z H[Slz A (5.111)

1l a1
—A15151+A25252

In general, for a square symmetric matrix

A ——slsl +Lsys] b b sy (5.112)
Az Am
and
A=ASiS] +2558) ++- +A ySusi (5.113)

wheres is theith eigenvector oA andA-1.

Now, let's finish formingn,_s for the simple % 2 case.
mLS = A_lb
1 1. 1 1
=—gS b+—s,5b (5.114)
M Az
_1 1
= A_l(sllbl +Syp)s; + E(slzbl +$5b,)8;

Or, in general,
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M

M
mg= Z/\—llgjz sjibj éﬁ
. Z/\_li(gb)s" (5.115)

L

wheres'b =s [b = the projection of data in tisedirection, and; are the constants.

In this form, we canseethat the leassquares solution oAm = b is composed of a
weighted sum of the eigenvectors oA. The coefficients of the eigenvectors arenstants
composed ofwo parts: one is thewverse of thecorrespondingeigenvalueand thesecond is the
projection of the data in the direction of tberrespondingeigenvector. This form alsoclearly
shows why there is nimverse ifone or more of theigenvalues oA is zero and whyery small
eigenvalues can make, s unstable. It alssuggestdiow we might handle the case whéréhas
one or more zero eigenvalues.

5.5.2 The Case of Zero Eigenvalues

As we saw in section 5.4.5, we can order the eigenvalues from largest to smallest in absolute
value, aslong asthe associated eigenvectors are ordered in the saye Then we saw the
remarkable result in Equation (5.92), that the mafirigan be completely reconstructesing just
the nonzero eigenvalues and eigenvectors.

|A1] > P2l > Pif --- > e[ >0 andApigy=--- =AM =0 (5.116)

That is,

A = SpApSh
PPeP (5.117)
= \SiS] +--- +ApSpSp

This suggestshat perhaps wean construcA-1 similarly using justthe nonzeraigenvalues and
their corresponding eigenvectors. Let's try,

A7l =SoARS) (5.118)
which must, at least, exist. But, note that

AATL= [SP/\PSI,] [SPA‘F, I,] (5.119)

Note that SSp = | » becauseA is symmetricand hence the eigenvectors are orthogonal, and
A5 =15, 50
AATL=5.SL #1 ), (see 5.94) (5.120)
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Like the casefor A, we cannotwrite a true inversgfor A using justthe P nonzero
eigenvectors—the true inverse does not exist. But, we cafAUsas an "approximate” inverse for
A. Thus, in the case whél does not exist, we can use

= SoAPSEb (5.121)

5.5.3 Simple Tomography Problem Revisited

The conceptsleveloped in the previous section &est understood ithe context of an
example problem. Recall the simple tomography problem:

1 2
»|d;
3 4
»|d,
A \ 4
M 1 0 0O
O
%) 011
= O 122
=8 01 oo (5.122)
0 1 0 1H
@ 1 1 0O
O
2 01
A=G'G= % O (5.123)
1 0 2 10
1 1 2H
@0
00
20
A =00 (theeigenvalues of A) (5.124)
20
00
EjS
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St S S3 S4
M5 05 -05 0.0
N 0

S= %)'5 05 -05 _0'58 (the eigenvectors of A) (5.125)
05 05 05 -050
tl 0
M5 -05 05 0.5
A = SAST (5.126
where
4 0 0 0g
0
2 00
A= %) O (5.127)
M 0 2 00O
0 o o oH
Let's look at the "patterns” in the eigenvectars,
A1=4,s =2, A3=2,83 Ay=0,%
+ + + — N — + —
+ + + R + + — +
comps: "dc" "L-R" "T-B" "checkerboard"

These "patternsare the fundamental buildifgocks (basis functions) ddll solutions in
this four—space. Do you seehy the eigenvaluesorrespond taheir associateaigenvector
patterns? Explain this in terms thie sampling of théour paths shooting througihe medium.
What other path(s) must we sample in order to make the zero eigenvalue nonzero?

Now, let's consider an actual model and the corresponding noise-free data. The model is

El% . 0
m = L0 hicall 5.128
o0 or graphically ( )
0 0 0
o
The data are
EiN (20
O O
d= %)D and b=G'd= %D (5.129)
a0 [0
ot ot
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First, A-1 does not exist. BuA™ = SpAASE does, wher&p = [s; S, sg] and

0 o o0
A‘Pl=§> ! o% (5.130)
O
o 2H
then
m s=A"G"d (5.131)

We now have all the parts necessary to construct this solution. utettse alternatéorm
of the solution:

- 1 1 1
mLS:A_[Si [ﬂ)]S_L"'/\_[SZ )]s, +/\—[ss [b]ss (5.132)
1 2 3

00.50 20

O OO0

00.50 10
sb=0 [ODO=1.0+05+05=2 (5.133)

D 0.50 A0

ooo

5055@5

0 0.50 20

O oogo

+0.50 10
s,(b=0 ODO=1.0-05+05=1 (5.134)

D 0.50 A0

ooo

E—O 55 HH

3-0.50 (20

0 000

3-0.500 (10
s;lb=0 [ODO=-1.0-05+05=-1 (5.135)

D 0.50 (10

000

5055@5

00.50 20
Qos0 30

syb=0 0=1.0-05-05=0 (5.136)
0

and note,

The datahave noprojection in the "null-space8;. The geometry of the experiment
provides no constraints dhe "checkerboard" pattern. How would we change the experiment to
remedy this problem? Continuing the construction of the solution,
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0.50 [30.50 0.5
& . =20050,10050, 13050
LS™ 4050 20050 2 00.50

M50 ~F050 © §050

0.250 [0.257 0.257 [0.75]
[0.2501, +0.25(1, 00.251_ 10.257 (5.134)

0.250" 00.250" 30.250" 00.250]

M.250 F-0.250 £-0.250 F-0.250

Graphically, this is

R
NN

Does this solutioriit the data? What do weneed to add to this solution get the true

solution?
656 00

— .25/(2{

This is the eigenvector associated with the zero eigenvahgesepresentthe "null* space.
Any scaled value of this pattern can be added anddatsewill not change—thelata aré'blind” to
this pattern.

1 0.750 0 0.250

& . =00250, o 0F0.250 (5.135)
LS~ 7 0.250 " [+0.250
F-0.250 F0.250

Summary

We now have allthe tools to solve inverse problem&venthosewith zero eigenvalues!
There are many real inverse problems that have been tackled using just wihselgarned so far.
In addition to truncating zereigenvalues, theuncation method can hesed toremove theeffects
of small eigenvalues. Agou might expectthere is a'cost" or trade-off intruncating nonzero
eigenvalues. Before we get into techniqguestaluatesuch trade-offs, we first turn to the
generalization of the eigenvalue—eigenvector concepts to nonsquare matrices.
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CHAPTER 6: SINGULAR-VALUE DECOMPOSITION (SVD)
6.1 Introduction

Having finished with the eigenvalu@roblemfor Ax = b, whereA is square, we now turn
our attention to the generdl x M caseGm = d. First, theeigenvalue problenper se, does not
exist forGm = d unlessN = M. This is becaus& maps (transforms) @ectorm from M-space
into a vectod in N-space. The concept of “parallel” breaks down whervélotors lie indifferent
dimensional spaces.

Since the eigenvalue problem is not defif@dG, we will try to construct a squaraatrix
thatincludesG (and, as iwill turn out, GT) for which the eigenvalugroblem is defined. This
eigenvaluegproblemwill lead us tosingular-value decompositio(BVD, a way todecomposes
into the product of three matricéisvo eigenvector matriceg and U, associatedvith model and
data spaces, respectively, and a singular-value matrix very similafréon the eigenvalu@roblem
for A). Finally, it will lead us to the generalized inverse operator, defined in a way #ratlagous
to the inverse matrix t& found using eigenvalue/eigenvector analysis.

The end result of SVD is

G = Up Ap VP
NxM NxP PxP PxM (6.1)

whereUp are theP N-dimensional eigenvectors GGT, Vp are theP M-dimensional eigenvectors
of GTG, andAp is theP x P diagonal matrixwith P singularvalues (positivesquare roots of the
nonzero eigenvalues shared®@T andGTG) on the diagonal.

6.2 Formation of a New Matrix B

6.2.1 Formulating the Eigenvalue Problem With G

The way toconstruct areigenvalueproblem thatincludesG is to form a squareN( +
M) x (N + M) matrix B partitioned as follows:

O 00
T G N
INxN | NxM05
B = (I - (6.2)
O AT O
0C 0 v
M xN | MxMHQ
ONO|OM |
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B is Hermitianbecause

BT

I
oy}

Note, for example,
Bin+3 =Ca13
and

Bn+z.1= (GT)31 = Ga3, etc.

6.2.2 The Role of G as an Operator

Analogous to Equation (1.13), we can define an equatida fas follows:

GT y = ¢
MxN Nx1 Mx1

(6.3)

(6.4a)

(6.4b)

(6.5)

We do not have to have a particyfaandc in mind when we dadhis. Weare simply interested in

the mapping of ahl-dimensional vector into a-dimensional vector bT.

We can combiném =d andGTy =c, usingB, as

or

B z = b
(N+M)x(N+M) (N+M)x1 N+M)x1

where we have

N

I
S
mOoO.

and

(e
1
|
REaRs:
mOoOO

Note thatz andb are both Il + M) x 1 column vectors.
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6.3 The Eigenvalue Problem for B

The eigenvalue problem for thd ¢ M) x (N + M) matrixB is given by

Bw = njw; i=1,2,...N+M (6.10)

6.3.1 Properties of B

The matrixB is Hermitian. Therefore, all + M eigenvalueg; are real. In preparation for
solving the eigenvalue problem, we define the eigenvector mvétfoc B as follows:

O: 0
w =qv Wy, o Waewmp (6.11)
(N +M) x(N +M) EHE =
We note thaV is an orthogonal matrix, and thus
WTW =WWT = \um (6.12)
This is equivalent to
W-ir Wi = ﬁj (6.13)

wherew; is theith eigenvector iW.

6.3.2 Partitioning W

Each eigenvectarj is (N + M) x 1. Consider partitioning; such that

oOooogn

(N
IDEI:IIIEI Z 0Ol

(6.14)

=
mmgémgm

That is, we “stack” aiN-dimensional vecton; and anM-dimensionalvectory; into a single I +
M)-dimensional vector.

Then the eigenvalue problem #®ifrom Equation (6.10) becomes
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Oo | gULy U O
Omn| 00O Eh' O (6.15)
O O O=n@ O
EET ODD O O . O
BEi8 B
This can be written as
G Vi = Ny, i=1,2...,N+M (6.16)
NxM Mx1 N x1
and
G'  u = nv i=1,2 ...,N+M (6.17)

MxN Nx1 Mx1

Equations (6.16) and (6.17) togetlaee called theshifted eigenvaluproblem forG. It is
not an eigenvalue problem i@, sinceG is not square aneigenvalueproblemsareonly defined
for squarematrices. Still, it is analogous to arigenvalueproblem. Notethat G operates on an

M-dimensionalvector and returns am-dimensionalvector. GT operates on amN-dimensional
vector and returns al-dimensional vector. Furthermore, the vectors are shar€damngGT.

6.4 Solving the Shifted Eigenvalue Problem

Equations (6.16) and (6.1¢an be solved by combining them irteo related eigenvalue
problems involving5TG andGGT, respectively.

6.4.1 The Eigenvalue Problem for GG

Eigenvalue problems are only defined for squaegrices. Notethen, thatGTG is M x M,
and hence has an eigenvalue problem. The procedure is as follows:

Starting with Equation (6.17)
GTuj = njvj (6.17)
Multiply both sides byy;
NiGTu; = n? vj (6.18)

or
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GT(niui) = 175 vi (6.19)
But, by Equation (6.16), we have
Gvi = i (6.16)
Thus
G'Gv; = nfv, i=12 ..., M (6.20)

This is justthe eigenvalug@roblemfor GTG! We were able to manipulate tisbifted eigenvalue
problem into an eigenvalue problem that, presumably, we can solve.

We make the following notes:

1. GTG is Hermitian.

N N
(G'G); = Z(GT)ikaj = Z Oki Ok (6.21)
=1 =1
N N
(G'G); = Z(GT)jkai = ngjgki =(G'G); (6.22)
=1 =1
2. Therefore, alM ’7i2 are real. Because the diagonal entrie§t® are all> 0, thenall '7i2

arealso=> 0. This meanshat GTG is positive semidefinit¢one definition ofwhich is,
simply, that all the eigenvalues are real arty.

We can combine thieél equations implied by Equation (6.20) into matrix notation as

GG V =V M (6.23)
MxM MxM MxM MxM

whereV is defined as follows:

(6.24)

mOodnO

0 :
V:%l Vo o+ Vpyg
S :
MxM

and
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2
0O - 0
%71

M =00 7
0 -0

O 2
Mx M

(6.25)

OoOOooOoQd

3. Becaus& TG is a Hermitian matriXy is itself an orthogonal matrix:

WT=VTV =y, (6.26)

6.4.2 The Eigenvalue Problem for GG

The procedurédor forming the eigenvalugroblemfor GGT is very analogous tdhat of
GTG. We note thaGGT isN x N. Starting with Equation (6.16),

Gvi = nju; (6.16)
Again, multiply byn;
G(nivi) = n? uj (6.27)
But by Equation (6.17), we have
GTu; = njv; (6.17)
Thus
GGy = nPu, i=12..., N (6.28)

We make the following notes for this eigenvalue problem:
1. GGT is Hermitian.
2. GGT is positive semidefinite.

3. Combining theéN equations in Equation (6.28), we have

GGTU = UN (6.29)
where
O: : U
U=y up -~ uyp (6.30)
EZ . . a
Nx N
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and

20 00

DO 2 O

— 0 2 U
N—DE . o (6.31)

O >0

EY 0 nxB

N x N
4. U is an orthogonal matrix

UTU =UUT =1y (6.32)

6.5 How Manyn; Are There, Anyway??

A careful look at Equations (6.10), (6.20), g628) showdhat the eigenvaluproblems
for B, GTG, andGGT are defined for\] + M), M, andN values of, respectively. Just how mamy
are there?

6.5.1 Introducing P, the Number of Nonzero Pairs (f;, -17i)

Equation (6.10)
Bwi = njw;i (6.10)

can be used to determiré £ M) realn;. Equation (6.20),
GTGv; =2 v (6.20)
can be used to determih/terealr]i2 sinceGTG isM x M. Equation (6.28)
GGTu; = n? u; (6.28)
can be used to determiNaeal niz sinceGGT isN x N.
This section will convince you, | hope, that the following are true:
1. There aré® pairs of nonzergj;, where each pair consists ofg+—7;).
2. If +nj is an eigenvalue of
Bwi = njw; (6.10)

and the associated eigenveatprs given by

;0
L= 6.33
W; H’i H (6.33)
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then the eigenvector associated witfis given by

Fuid

w! = HV-I 0 (6.34)
|
3. There areN + M) — 2P zeron;.
4. You can know everything/ou need to know about the shiftesigenvalueproblem by
retainingonly the information associated with the positiye

5. P is less than or equal to the minimuni\b&andM.

P < min(N, M) (6.35)

6.5.2 Finding the Eigenvector Associated With g

Supposehat you havefound wj, a solution to Equatio(6.10) associatedvith n;. It also
satisfies the shifted eigenvalue problem

Gvi = niv; (6.16)

and
GTuj = njvj (6.17)

Let us try ; as an eigenvalue amg given by

w! = E\:i ﬁ (6.34)
and see if it satisfies Equations (6.16) and (6.17)
Gvi = (=7i)(-ui) = niui (6.36)
and
GT(=Uj) = (-M)vi (6.37a)
or
GTuj = njvj (6.37b)

From this weconclude that th@onzeroeigenvalues oB come inpairs. The relationship
between thesolutions isgiven in Equations (6.33) and (6.34)Note that thisproperty of paired
eigenvaluesand eigenvectors is not thease forthe general eigenvalugroblem It results from
the symmetry of the shifted eigenvalue problem.
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6.5.3 No New Information From the ; System

Let us form an ordered eigenvalue mabBixor B given by

m O 0g
0
BO 2 0
0 0
0 0
0 Np 0
0 - 0
0 g .0
D= - =Ny N
0 0 (6.38)
N N
0 —Np O
0 0
0 0 0
0 0
BY o

(N + M) x (N + M)
wheren, =2 n, = > np. Notethat theordering of matrices irigenvalugproblems isarbitrary,
but must be internally consistent. Th#re eigenvalugroblem for B from Equation(6.10)
becomes

BW =WD (6.39)

where now theN + M) x (N + M) dimensional matriXV is given by

1 U - Up —Up —Up - —Up Uzpyy =+ Unim

L0

0 : :
W = (LT

L
Il
Y1 V2 - Vp Vi Vo = Vp Vopy ° VNim

H:

N P g || P OO0 N+M)—-2P0 |

(6.40)

I

The secondP eigenvectors certainly contain independent information about the eigenwvectors
(N + M)-space. Theyontainno newinformation, however,aboutu; or vj, in N- and M-space,
respectively, sinceu;r contains no information not already containedun +

6.5.4 What About the Zero Eigenvalueg)’'s,i= (2P +1),... N+ M?

For the zero eigenvalues, the shifted eigenvalue problem becomes
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Gvi=nui=0= 0 i=(2P+1),...,N+M) (6.41a)
N x 1
and
GTui=nivi=0vi= 0 i=(2P+1),...,N+M) (6.41b)
Mx1

where0Q is a vector of zeros of the appropriate dimension.

If you premultiply Equation (6.41a) T and Equation (6.41b) b9, you obtain

G'Gvj=G™0 =0 (6.42)
M x 1)
and
GGTuj=G0O =0 (6.43)
Nx1)

Therefore, we conclude that the vj associateavith zeron; for B are simply the eigenvectors of
GGT andGTG associated with zero eigenvalues@® ™ andGTG, respectively!

6.5.5 How Big is P?

Now that we have seen that the eigenvalues corRepimirs of nonzerwalues,how can we

determine the size &? We will see that you can determé&om eitherGTG or GGT, andthat P
is bounded bythe smaller ofN and M, the number of observations and mogerameters,
respectively. The steps are as follows.

Step 1.Let the number of nonzero eigenvalnésof GTG beP. Since GTG is M x M, there are
only M '7i2 all together. Thus is less than or equal M.

Step 2 If n? #0is an eigenvalue GTG, then it is also an eigenvalue®6GT since

GTGv| = n? v (6.20)
and
GGTu; = n? uj (6.28)
Thus the nonzergj’s are shared b TG andGGT.

Step 3 Pis less than or equal MsinceGGT isN x N. Therefore, sincB<M andP <N,

P < min(N, M)
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Thus, to determinB, you can do the eigenvalpeoblemfor eitherGTG (M x M) or GGT
(N x N). It makes sense to choose the smaller of the two matrices. That is, one cBOGs#sMV
<N, orGGTif N<M.

6.6 Introducing Singular Values

6.6.1 Introduction

Recalling Equation (6.29) defining the eigenvalue probler®Gaf

GGT U =U N (6.29)
NXN NxN NxN NxN

The matrixU contains the eigenvectang and can be ordered as

EE S N
u = Sil Uz =+ Up | Upy - Uy %“ (6.44)
NxN S : : L ED

[0 P O|lE N-P 0O
or
U=[Up O U] (6.45)
Recall Equation (6.23), which defined the eigenvalue problef@ TGy,

GTG V =V M (6.23)
MxM MxM MxM MxM

The matrixV of eigenvectors is given by

ER : : : Da
\ 8’1 Vo =t Vp | Vpyp o VMEM (6.46)
MxM g Do : BO
[ P ol M-P O]
or
V :[ Vp O vo] (6.47)
where thay;, v; satisfy
Gvj = niy; (6.16)

and
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GTuj = njvi (6.17)
and where we have chosen Ehpositiven); from

GTGv; =2 v (6.20)
GGTu; = n? uj (6.28)

Note that it is customary to order tisgv; such that

mznzz M= np (6.48)

6.6.2 Definition of the Singular Value

We define a singular valug from Equation (6.20) or (6.28) #ise positivesquare root of
the eigenvalug? for GTG or GGT. That is,

A = +nf (6.49)

Singular values are natigenvalues A; is not aneigenvaluefor G or GT, since theeigenvalue
problem is not definetbr G or GT, N # M. Theyare, ofcourse, eigenvalue®r B in Equation
(6.10), but wewill never explicitly deal withB. The matrixB is a constructhat allowed us to
formulate the shifted eigenvalue problem, but in practice, it is riewaed. Neverthelessyou will
often read, or heal; referred to as an eigenvalue.

6.6.3 Definition ofA, the Singular-Value Matrix

We can form amN x M matrix with the singular values on the diagonaMI# N, it has the
form

N

H
o
o
Ol

>
N

2

X >

<
11

mnjejaisial=lslels
>
0
o
— MMOOOO0OOO0OOO0Of

Z

(6.50a)

a
IO

N O M*N
If N> M, it has the form (next page)

124



Geosciences 567: Chapter 6 (RMR/GZ)

@ O 00 O
O
o A 0
O O
0. .0
I:IZ Ap : 0 M
O 0 O
O O
N =0 O
NxM o o0
U O 0
0 [T o = (6.50b)
[l o 0O
O 0 O
0 ON-M
[l [l
O O O
] M O
Then the shifted eigenvalue problem
Gvj = nju; (6.16)
and
GTuj = niv; (6.17)
can be written as
Gvj = Aju; (6.51)
and
GTuj = Ajv; (6.52)

wheren; has been replaced Rysince all information abold, V can be obtained from thgositive
Ni.-

Equations (6.51) and (6.52) can be written in matrix notation as

G V = U A (6.53)
NxM MxM NxN NxM

and

G' u = V N (6.54)
MxN NxN MxM M xN
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6.7 Derivation of the Fundamental Decomposition Theorem
for General G (N x M, N # M)

Recall that we used the eigenvalue problemsquareA andAT to derive adecomposition
theorem for square matrices:

A = SART (5.74)

whereS, R, andA are eigenvector and eigenvalue matrices assoaiatied andAT. We are now
ready to derive an analogous decomposition theorem for the ginefd) N # M matrix G.

We start with Equation (6.53)

G V =U A (6.53)
NxM MxM NxN NxM

postmultiply byVT
GVVT = UAVT (6.55)
ButV is an orthogonal matrix. That is,
WT =1y (6.26)

since GTG is Hermitian,and theeigenvector matrices of Hermitian matrices amghogonal.
Therefore, we have the fundamental decomposition theorem for a general matrix given by

G = U A Al (6.56)
NxM NxN NxM MxM

By taking the transpose of Equation (6.56), we obtain also

G' =V ATUT (6.57)
MxN MxM MxN NxN

where
0: : : : 0O
U = %}1 Up UP+1 UNE:[ Up ] Uo] (658)
NxN E : : Q
and
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O: : : - 0
Vo= o Ve Ve o VuE| Ve O Vgl (6.59)
MxM E: : : @
and
@, O 00
O
SR 0
O O
A =g Ao = (6.60)
NxM 0O 0 U
0 0
0 O
&Y 0H

6.8 Singular-Value Decomposition (SVD)

6.8.1 Derivation of Singular-Value Decomposition
We will see below thak can be decomposed without any knowledge of the patsooiv

associatedvith zero singularvaluesA;., i > P. We starwith the fundamental decomposition
theorem

G = UAVT (6.56)

Let us introduce & x P singular-value matrif\p that is a subset df:

@A, O 00O
. O
AZ .
A :BO O 6.61
P . 00 (6.61)
O 0
M - 0 ApQ
We now write out Equation (6.56) in terms of the partitioned matrices as
00 0O O 00 0 O
O O O oo 1 O
O o P g fe O go Ve g P
O O g O 00 O g 6.62
G=Npg Up U, 0 = pImm [ an n O (662
O o0 o 0o O 0
U Un-p O O 0 gt v, Um =
0 oV P g on ° gM-F
00 O 0o 0O 00 o 0O
0 P O] N-PO| 0 P O|0M=PO|0 M O

127



Geosciences 567: Chapter 6 (RMR/GZ)

0
_ 0 ST
= N UpAp 0 DB/JE (6.63)
0B B
O P O|O M—PO |
=Up/ApV{ (6.64)
That is, we can writ& as
G = Up Ap Vp (6.65)

NxM NxP PxP PxM

Equation (6.65) is known as t&engular-Value Decomposition Theorem @r

The matrices in Equation (6.65) are

1. G = an arbitraryN x M matrix.
2. The eigenvector matrix
0: : 0
Up = %’ll U2 UPB (666)
S ‘B

whereu; are theP N-dimensional eigenvectors of
GGTu; = n? y; (6.28)

associated with nonzero singular valdes

3. The eigenvector matrix
0: : 0
D
Vo= Vo - Vph (6.67)
H : g

wherev; are theP M-dimensional eigenvectors of
GTGv; =2 v (6.20)

associated with nonzero singular valdgsand
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4, The singular-value matrix
@ O 00
- 0
/\2 .
Ap = BO O 6.61
PO . 00 (6.61)
O O
M0 - 0 ApQ
where); is the nonzero singular value associated witndv;,i =1, ... P.

6.8.2 Rewriting the Shifted Eigenvalue Problem

Now that wehaveseenthat we carreconstruciG using onlythe subsets olJ, V, andA
defined in Equations (6.61), (6.66), and (6.67), wereanite theshifted eigenvalugoroblemgiven
by Equations (6.53) and (6.54):

G vV = U N (6.53)
NxM MxM NxN NxM
and

GT u =V AT (6.54)
MxN NxN MxM MxN

as

1. G Vp = Up Ap (6.62)
NxM MxP NxP PxP

2. GT Up = Vp /\p (663)
MxN NxP MxP PxP

3. G Vo = 0O (6.64)
NxM Mx(M-P) Nx(M-=P)

4. GT Uo = 0 (6.65)
MxN Nx(N-P) Mx(N-P)
Note that the eigenvectorsVhare a set dfl orthogonal vectors which spamdel spacewhile the
eigenvectors iJ are a set oN orthogonalvectors whichspandata space TheP vectors inVp
span &-dimensional subset of model space, whileRhectors inUp span aP-dimensionakubset

of dataspace. Vo andUg are callednull, or zerg spaces. Thewre M — P) and N — P)
dimensional subsets of model and data spaces, respectively.

6.8.3 Summarizing SVD

In summary, we started with Equations (1.13) and (6.5)

Gm=d (1.13)
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and
Gly=c (6.5)
We constructed
0 0
0 0 G ON
INxN | NxM0O
B = I = (6.2)
O T 0 0d
0 ™M
M xN | MxMHQ
O NCjgM |

We then considered the eigenvalue probleniBfor

Bwi = njw; i=1,2,...,+M) (6.10)
This led us to thehifted eigenvalue problem

Gvi = nju; i=1,2,...,N+M) (6.16)

and
GTuj = niv; i=1,2,...,N+M) (6.17)

We found that the shifted eigenvalue problem leads us to eigenvalue probl&hG andGGT:
GTGvi = 2 v i=1,2,...M (6.20)

and
GGTuj = n? uj i=1,2,...N (6.28)

We then introduced the singular valjegiven by the positivequare root othe eigenvaluefom
Equations (6.20) and (6.28)

A = I (6.49)
Equations (6.16), (6.17§6.20) and (6.28yive us a way tdind U, V, andA. They alsdlead,
eventually, to
G =U A\ v (6.56)
NxM NxN NxM MxM

We then considered partitioning the matribased orP, the number of nonzersingular values.
This led us teingular-value decomposition

G = Up /\p VpT (6.65)
NxM NxP PxP PxM

Before considering an inverse operator based on singular-value decomposition, it is probably useful
to cover the mechanics of singular-value decomposition.
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6.9 Mechanics of Singular-Value Decomposition

The steps involved in singular-value decomposition are as follows:
Step 1 Begin with Gm =d.
Form GTG (M x M) or GGT (N x N), whichever issmaller. (N.B. Typically, there are
more observations than model parameters; tusM, and G'G is the more common
choice.)

Step 2 Solve the eigenvalue problem for Hermit@hG (or GGT)

GTGv; = n?vi (6.20)
1.  Find theP nonzeraj? and associated.

2. LetAj=+(n?)v2

3. Form
[ : N
Vp = %l V2 VPE (667)
g ¢ B
M x P
and
@ O 00O
- O
Az .
/\Pzé? o% M2A,2 - 2)p (6.61)
B 0k
PxP

Step 3 Use Gyv; = Ajuj to find uj for each known;, vi;.
Note: Findingu; this way preserves tlsggnrelationship implicit betweeu;, vi by taking
the positive member of each pairA{+—Aj). Youwill not preserve theign relationship
(except by luck) if you us&€GTu;j = n? uj to find u;.

Step4 Form

(6.66)
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Step 5 Finally, formG as

G =Up Np V} (6.65)
NxM NxPPxP PxM

6.10 Implications of Singular-Value Decomposition

6.10.1 Relationships Between U,dJand Uy

1. UT Uu = U J = Iy SinceU is an orthogonal matrix.
NXN NxN NxN NxN NxN

2. U,I Up =Ip Up is semiorthgonal becausall P vectors in
PxN NxP Up are perpendicular to each other.
3. Up ug #lIn (UnlessP = N.) UpUJ is N x N. Up cannot
NxP PxN span N-space with only P (N-dimensional
vectors.
4. ur Uo = Ipop U is semiorthogonal since thdl & P) vectors
(N - P)Ox N Nx(N—P) in Ug are all perpendicular to each other.
5. Uo Ug ZIN Ug has(N — P) N-dimensional vectors in it. It
T .
Nx(N-P) (N-P)xN cannot spaiN-space.UgU; is N x N.
6. ug Ug = 0 Since all the egenvectors in Up are

PxN Nx(N-P) Px(N-P) perpendicular to all the eigenvectordn

7. ug Up = 0 Again, since all the eigenvectors inJy are

(N=P)xN NxP (N—P)xP perpendicular to all the eigenvectordja

6.10.2 Relationships Between V, 3/ and Vg

1. \Val vV =V VT = Iy Since V is an orthogonal matrix.
MxM MxM MxM MxM

2. V,I Vp =lp Vp is semiorthogonal becausdl P vectors in
PxM MxP Vp are perpendicular to each other.
3. \Yj \VARRE-3 (UnlessP =M. VI is M x M. Vp cannot
P P M P , ;
MxP PxM span M-space with only P (M-dimensiondl
vectors.
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4. 2 \§  =lyp
M-P)xM Mx(M-P)

5. Vo VI Iy
Mx (M—P) (M—P)xM

6. Vg Vo = 0
PxM Mx(M-P) Px(M-P)

7. 2 Vp = 0
M-P)xM MxP M-P)xP

Geosciences 567: Chapter 6 (RMR/GZ)

Vo is semiorthogonal sinake M — P) vectors
in Vg are all perpendicular to each other.

Vo has M — P) M-dimensional vectors in it. It
cannot spaiM-space.VoV{ isM x M.

Since all the eigenvectors inVp are
perpendicular to all the eigenvectord/ip

Again, since all the eigenvectors Vg are
perpendicular to all the eigenvectors/in

6.10.3 Graphic Representation of UJp, Ug, V, Vp, Vo Spaces

Recall that starting with Equation (1.13)

G
NxM

m = d (1.13)
Mx1 Nx1

we obtained the fundamental decomposition theorem

G =U

A VT (6.56)

NxM NxN NxM MxM

and singular-value decomposition

G =

Up Ap V] (6.65)

NxM NxPPxP PxM

This gives us the following:

1. Recall the definitions dfl, Up, andUg
0: : : : 0
U = - Up Upy - Ung=[ Up D Up] (6.58)
NxN @ : : E
2. Similarly, recall the definitions for, Vp andVy
0O: : - O
O
Vo=@ Ve Vpu o VnE| Ve O Vo] (6.59)
Mx M Q: : : . Q

3. CombiningU, Up, Uy, andV, Vp, Vo graphically
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O POO| NBP |

00 0
N B Up Up 0
O G H
i (6.68)
M B Vp Vo
od
o POOJ M-P |
4, Summarizing:
(1) Vis anM x M matrix with the eigenvectors d&'G as columns. It is an orthogonal

(2)

3)

(4)

(5)

(6)

(7)

(8)

matrix.

Vp is anM x P matrix with theP eigenvectors ofGTG associatedvith nonzero
eigenvalues o6TG. Vp is a semiorthogonal matrix.

Vgis anM x (M —P) matrix with theM — P eigenvectors oGTG associatedvith the
zero eigenvalues @&7G. Vg is a semiorthogonal matrix.

The eigenvectors iV, Vp, or Vg are all M-dimensional vectors. They are all

associatedvith modelspacesincem, the model parameter vector 8m = d, is an
M-dimensional vector.

U is anN x N matrix with the eigenvectors @G' as columns. It is an orthogonal
matrix.

Up is anN x P matrix with theP eigenvectors ofGT associatedvith the nonzero
eigenvalues o6GT. Up is a semiorthogonal matrix.

Up is anN x (N — P) matrix with theN — P eigenvectors o6GT associatedvith the
zero eigenvalues @GT. Ug is a semiorthogonal matrix.

The eigenvectors ofJ, Up or Uy are all N-dimensional vectors. They are all

associatedvith data spacesinced, the data vector dBm = d, is anN-dimensional
vector.

6.11 Classification of d = Gm Based oR, M, andN

6.11.1 Introduction

In Section 3.3 we introduced a classification of the system of equations

d=Gm (1.13)
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based orthe dimensions ofd (N x 1) andm (M x 1). | said atthe time that Ifound the
classification lackingand would return to it later. Nowhat wehave considered singular-value
decomposition, including findind®, the number of nonzersingular values, |would like to
introduce a better classification scheme.

There ardour basic classes giroblems, based ahe relationshigbetweenP, M, and N.
We will consider each class one at a time below.

6.11.2 Class:P=M =N

Graphically, for this case, we have

Oz oo Z Ol
OooO0OooooTs
< cC
v
1 1 <
< c U
—Ooooooooo—

a
z
O

1. Up andVg are empty.

2. G has a unigue, mathematical inve@é.
3. There is a unique solution for.

4, The data can be fit exactly.

6.11.3 Classl:P=M <N

Graphically, for this case, we have

O PO | M-P

Up Ug

O Z glio zZ2 Ol
ODOoOoOoQoood

(=
<
O
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1. Vo is empty sinc® = M.
Up is not empty sinc <N.

G has no mathematical inverse.

w0 DN

There is a unique solution in the sense that only one solutiadhéhamallest misfit
to the data.

5. The data cannot be fit exactly unless¢bmpatibility equationsre satisfiedyhich
are defined as follows:

Ul d = 0 (6.69)
N-P)xN Nx1 N-P)x1

If the compatibility equations are satisfied, one can fit da¢a exactly. The
compatibility equations are equivalent to saying thlads no projection ontdy.

Equation (6.69) can be thought of as Me- P dot products othe eigenvectors in
Up with the data vectod. If all of the dot productsare zero,thend has no
component in theN — P)-dimensional subset #-space spanned likie vectors in
Uo. G, operating on anyector m, canonly predict avector thatlies in the
P-dimensionakubset ofN-space spanned lihe P eigenvectors irdp. We will
return to this later.

6. P =M <Nis the classic leastjuaresenvironment. Waewill consider leassquares
again when we introduce the generalized inverse.

6.11.4 Classlll: P=N<M

Graphically, for this case, we have

[
pd
O

=

-
o

I

-

O Z oo zZz ol
o v o o o
<
v

O
O
Vo [
H
|

O PO | 4P
1. Ug is empty sinc® = N.
2. Vo is not empty sinc < M.

3. G has no mathematical inverse.
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You can fit the data exactly becalggis empty.

Solution is not unique. thestis a solution which fits the data exactly

Gmest= dprre = d (6.70)
then
M
est
m= + a;V; (6.71)

is also a solution, whes is any arbitrary constant.

P =M <N is the minimum length environment. The minimum lersgilution sets
ai,i=P+1),... Mto zero.

6.11.5 Class IV:P < min(N, M)

Graphically, for this case, we have

4.

0 PID | N-P

|
_ a
00
NO Up Up U
0o @
:lji
00 Vv
MG P Vo
oo

O PO | 4P |
NeitherUg norVg is empty.
G has no mathematical inverse.

You cannot fit the data exactlynlessthe compatibility equations (Equati@h69)
are satisfied.

The solution is nonunique.

This sounds like a pretty bleak environment. No mathematical inverse. Cannodftahe
The solution is nonunique. It probably comes as no surprise that most realistic problems are of this

type [P < min(N, M)]!

In the next chapter we will introduce theneralized inverseperator. It will reduce to the
unigue mathematical inverse whierr M = N. It will reduce to the leasiquares operatavhen we
haveP = M <N, and to theminimum length operatowhenP = N < M. It will alsogive us a
solution inthe general case where WwaveP < min(N, M) thathasmany of the properties of the
least squares and minimum length solutions.
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CHAPTER 7: THE GENERALIZED INVERSE AND
MEASURES OF QUALITY

7.1 Introduction

Thus far wehaveusedthe shiftedeigenvalugoroblem to do singular-value decomposition
for the system of equatio®m =d. That is, we have

G =U A Y (6.56)
NxM NxNNxM MxM

and also

G = Up N\p VE (6.65)
NxM NxP PxP PxM

whereU is anN x N orthogonal matrix, and where thik column isgiven by theith eigenvectou;
which satisfies

GGTu; = n? uj (6.28)

V is anM x M orthogonalmatrix, where theth column isgiven by theith eigenvectown; which
satisfies

GTGv; = 2 v;. (6.20)

Ais an N x M diagonal matrix with the singular valugs= \17,2 along the diagonalUp, Ap, and

Vp are the subsets bf, A, andV, respectivelyassociatedvith the P nonzero singulavalues,P <
min(N, M).

We found four classes of problems @m =d based orP, N, M:

Class I: P =N =M; G-1 (mathematical) exists.

Class I P =M <N; least squares. Recall g = [GTG]-1GTd.

Class ll: P =N < M; Minimum Length. Recaliny, = <m> + GT[GGT]-1
x [d —G<m>].

Class IV: P < min(N, M); at present, we have no way of obtainingr&ft
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Thus, in this chapter we seek an inverse operator that has the following properties:
1. Reduces t&-1 whenP =N =M.
2. Reduces toGTG]-1GT whenP =M <N (least squares).

3. Reduces t&T[GGT]-1 whenP =N <M (minimum length).
4, Exists wherP < min(N, M).

In the following pages we will consider each of these classes of problems, begiithiRy
=N =M (Class I). In this case,

G = U A VT (7.1)
NxXxN NxN NxN NxN
with
@A, O 00
. 0
A :
A= BO 2 0 (7.2)
L . 0O
B - 0 O
SinceP =N =M, there are no zero singular values and we have
A2 A2 Ay >0 (7.3)

In order to find an inverse operator based on Equation (7.1), we need to find the inverse of a
product of matrices. Applying the results from Equation (2.8) to Equation (7.1) above gives

G-1= [VT-IA-LU- (7.4)

We knowA-1 exists and is given by

QA 0 - 0[O
0 0
0 1/)
At=0 2 0 7.
0 : w0 D (7:3)
Ho . 0 UyC

N x N

We now make use of the fact that bbotlandV are orthogonal matrices. The properties of
U andV that we wish to use are

[VT]-1=V (7.6)
and

u-1=UT (7.7)
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Therefore

-1 _ -1 T _ _
G =V N U P=N=M (7.8)
NxN NxN NxN NxN

Equation(7.8) implies thatG-1, the mathematical inverse & can befound usingsingular-value
decomposition wheR =N =M.

What weneed now is tdind an operator fothe other threelasses of problemthat will
reduce to the mathematical inve€€ when it exists.

7.2 The Generalized Inverse Operator 631

7.2.1 Background Information

We start out with three pieces of information:

1. G = UAVT (6.70)
2. G1= VA-WUT (whenG-1 exists) (7.8)
3. G= Up/\pV-Pr (singular-value decomposition) (6.65)

Then, by analogy with defining the inverse in Equation (7.8) above diortheof Equation
(7.1), we introduce thgeneralized inverse operator

-1 _ -1 T
Gif= Vp Ap UL

MxN MxP PxP PxN

(7.9)

and find outthe consequences for our four cases. Menke pointshattthere may be many
generalized inverses, but Equation (7.9) is by far the most common generalized inverse.

7.2.2 Class:P=N=M

In this case, we have

1. Vp =V andUp = U.

2. Vo andUg are empty.

We start with the definition of the generalized inverse operator in Equation (7.9):

G = VA UT (7.9)
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But, sinceP =M we have

Vp=V (7.10)
Similarly, sinceP =N we have
Up=U (7.11)
Finally, sinceP =N =M, we have
AL = AL (7.12)
Therefore, combining Equations (7.9)—(7.12), we recover Equation (7.8)
Gl=VA-WT P=N=M (7.8)

the exact mathematical inverse. Thus,hageshownthat the generalized inversperator reduces
to the exact mathematical inverse in the caseofN = M. Next we considethe case oP = M <
N.

7.2.3 Classll:P=M <N

This is the least squares environment where we have more observations than unknowns, but
where a unique solution exists. In this case, we have:

1. Vp=V
2. Vo is empty.
3. Up exists.

Ultimately we wish toshow that the generalized inversgperator reduces to the leagjuares
operator wher® =M < N.

The Role o5TG
Recall that the least squares operator, as defined in Equation (3.27), for example, is given by
mys = [GTG]-1GTd (3.27)
We first consideGTG, using singular-value decomposition &y obtaining
GTG = [UpApVE ITIUpARV] | (7.13)

Recall that the transpose of the product of matrices is given by the productraingposes
in the reverse order:

[AB]T =BTAT
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Therefore
GTG = [VEITAL U] UpApV] (7.14)
or
GTG =VpApU UpApV}, (7.15)
since
N =Np (7.16)
and
[Vg IT=Vp (7.17)

We know, however, thalp is a semiorthogonal matrix. Thus

Ul Up=1lp (7.18)
Therefore, Equation (7.15) reduces to
GG = Vp/\p/\pvg (719)
Now, consider the product 6§ with itself
@ 0 -~ 00O O 00
A Uy ) ;U
Aphp=0. 72 DB(_) 2 O (7.20)
0: - 000 o0
O od O
© - 0 A0 - 0 ApQ
or
A2 o ... 0O
0 A D
/\F,/\F,:SE 2 (‘)E:/\Zp (7.21)
O >0
g - O /\PE

where we have introduced the notatigh for the product of\p with itself.

Please be aware, as noted before, that the nof&javhenA is a matrix, has no universally
accepted definition. We will use the definition implied by Equafi@1). Finally, then, wewrite
Equation (7.19) as

G'G = Vp A3 \%

2 (7.22)
MxM MxP PxP Px

o

142



Geosciences 567: Chapter 7 (RMR/GZ)

Finding the Inverse a6 TG

| claim thatGTG has amathematical inverseJ'G]-1 whenP = M. The reasonthat
[GTG]-1exists in this case is th@f'G has the following eigenvalue problem:

GTGv; = n? v i=1,... M (6.20)

where, becaude = M, we know that alM l7i2 arenonzero. That is,GTG has nozero eigenvalues.
Thus, it has a mathematical inverse.

Using the theorem presented earlier about the inverse of a product of matrices in Equations
(2.8), we have

GTGl-1= VI YAZ]-VH (7.23)
The inverse o¥/], is found as follows. First,
Vo Ve=Ilp (7.24)
is always true becausk is semiorthogonal. But, because we haveRraM in this case, we also
have

vag = ||v| (725)

Thus,Vp is itself an orthogonal matrix, and we have

VEIt=Ve (7.26)
and
V_Pl = Vg (727)
Thus, we can write Equation (7.23) as
[GTG]1=Vp[AZ]-V] (7.28)
Finally, we note that{3 ]~ is given by
Ei//\i 0 - 0 B
2 .
2q.-1 _ _z_DO 1//\2 . |:|
[Np] " =Ap =0 . o O (7.29)
O >0
g0 - 0 1UApH
Therefore
[GTG]1= Vp/\‘P2 Vg (7.30)

Where/\‘F,2 is as defined in Equation (7.29).
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Equivalence oG—gl and Least Squares Wher=RM <N

We start with the least squares operator, from Equation (3.28), for example
Gs=[GTG]1GT (3.28)

We can use Equation (7.30) f@8[G]-1 in Equation(3.28) andsingular-value decomposition for
GT to obtain

[GTG]-1GT = VpAZ V] [UpARV T (7.31)
=VpA2 V] VpApUT (7.32)
But, becaus¥p is semiorthogonal, we have from Equation (7.24)
VIVp=lp (7.24)
Thus, Equation (7.32) becomes
GTG]1GT = VpAZ AU (7.33)
Now, considering Equations (7.20) and (7.21), we see that
NZNp=NE (7.34)
Finally, then, Equation (7.33) becomes
GTGIGT = VAR UL =G L (7.35)

as required.That is, wehaveshownthat whenP = M < N, the generalized inverse operator is
equivalent to the least squares operator.

Geometrical Interpretation ott;—gl When P=M <N

It is possible tayain some insight intthe generalized inverse operator ¢ynsidering a
geometrical argument. An arbitrary data vedtanay have components in bdtlp andUg spaces.

The generalized inverse operator returns a soluatiprior which the predicted data lies completely
in Up space and minimizes the misfit to the observed data. The steps necessary to see this follow:

Step 1. Letmgbe the generalized inverse solution, given by
mg=G,d (7.36)

Step 2 Let d be the predicted data, given by
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A~

d =Gmg (7.37)
We now introduce the following theorem about the relationship of the predicted data to
Up space
Theorem: d lies completely inJp-space (thesubset ofN-space spanned by
theP eigenvectors itUp).
Proof: If d lies inUp-space, it is orthogonal tdg-space. That is,
UJ d = U Gmg = UJ UpApVE my (7.38)
= 0
N-P)x1
which follows from
Ui Up=0 (7.39)

That is, every eigenvector iy is perpendicular tevery eigenvector inJp.

Another way to see this is thalt of the eigenvectors id are perpendicular teach
other. Thusanysubset ol is perpendicular to the restdf Q.E.D.

Step3 Letd — d be the residualata vector (i.,egobserved — predictedata,also known as the
misfit vector), given by

N

d—d=d-Gmy

=d-G[G¢d]
:d—GG‘g1 d

=d = {UpApV} X VpARU} }d
;d—U¢gd (7.40)
We cannot further reduce Equation (7.40) whenBveN because in this case
UpUL # 1y

Next, we introduce a theoreabout the relationshipetween the misfitectorand Ug
space.
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Theorem:

Proof:

The misfit vectod — d is orthogonal taJp.

U [d —d] = UJ [d —UpUJ d]

=ul d-UT UpUT d
=UTd-Uld

= 0 Q.E.D. (7.41)
Px1

The crucial step in going from the second to third lines beingﬂﬁaﬂp = |p sinceUp is
semiorthogonal. This impligbat the misfitvectord — d lies completely in the space

spanned byJg.

Combining the results from the abotweo theorems, wantroduce the final theorem
of this section concerning the relationship between the predicted data and the misfit vector.

Theorem:

Proof:

TheApredicted datsector d is perpendicular to the misfitector
d-d.

1.

2.

3.

The predicted data vectdrlies in Up space.
The misfit vectod — d lies in Ug space.

Since the vectors ldp are perpendicular to the vectorddg,
d is perpendicular to the misfit vectwr d. Q.E.D.

Step 4 Considerthe following schematigraph showinghe relationshipbetween the various
vectors and spaces:

U, -space
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The data vectad has components in both andUg spaces. Note the following points:

1. The predicted data vectdr= Gmy lies completely irtUp space.
2. The residual vectar— d lies completely irJg space.
3. The shortest distance from the observeddiatathe Up axis isgiven by

the misfit vectod — d.

Thus the generalized inverSg! minimizes the distance between the observed\datar
d andUp, the subset of data space in which all possible predictedidatast lie.

Recall that the least squares operator given in Equation (3.28)
G.i = [GTG]-I1GT (3.28)

minimizes the length of the misfit vector. Thus, the generalized invgreetor is
equivalent to the least squares operator viheiM < N.

ForP =M <N, it is possible to write the generalized inverse witdouning Up. To see
this, note that the generalized inverse is equivalent to least squadPesNbk N. That is,

G4 =[GTG]IGT (7.42)
But, by Equation (7.28)3T7G]-1is given by
[GTG]1=VpA2 V] (7.28)
Thus, the generalized inverse in this case is given by
G =[GTG]GT = VpAZ VI GT (7.43)
Equation (7.43 shows that the generalizegtrse can béund without everforming Up

whenP = M <N. In generalthis shortcut is not use@venthough youcanform the
inverse, because there is useful information lost about data space.

Finally, recall the compatibility equations given by

ujd = 0 (6.69)
N-P)x1

Note that if the observed dalahas anyprojection inUg space, is1ot possible to find a
solutionm that can fit the data exactly. All estimatedead to predicted datam that lie
in Up space. Thus, frorthe graphabove,one seeshat if the observedlata, d, lies

completely inUp space, the compatibility equations are automatically satisfied.
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7.2.4 Classlll: P=N<M

This is the minimum length environment where \wave more model parameters than
observations. There are an infinite number of possible solutions that candiétéhexactly. Recall
that the minimum lengtbolution isthe onewhich hasthe shortest length.Ultimately we wish to
show that the generalized inverse operetduces to theninimum length operatovhenP = N <
M.

ForP =N <M we have
1. Up=U
2. Up is empty.

3. Vo is not empty.

The Role oGGT
Recall that the minimum length operator, as defined in Equation (3.59), is given by
Gyt =GT[GGT]? (3.59)

We seek, thus, tehow that G—g1 = GT[GGT]Lin this case. First considemriting GGT using
singular-value decomposition:

GGT = Up/\pV-Pr [Up/\pV-Pr ]T
:Up/\pvg Vp/\pU;ID-

=UpAZ U] (7.44)

Finding the Inverse dBGT

Note thatGGT isN x N andP =N. This impliesthat [GGT]-1, the mathematical inverse of
GGT, exists. Again usingthe theorem stated in Equati¢8) about the inverse of product of
matrices, we have
[GGT]1= UL IYAZ -WUH
=UpAZ U} P=N (7.45)
Then

GT[GGT]L = [UpApV ] ITURAZ U]
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= Vp/\pU;- Up/\_P2 Ug
:Vp/\p/\_Pz U-IP-

= VpA_F;L U-IP-

-1

=G g

as required.

Fitting the Data Exactly When N <M

As before, let the generalized inverse solutigrbe given by

mg =G d
Then the predicted dathis given by
d= Gmg
:G[G—gl d]
=GG d

=UpApVE VPAZ UL d
= UPUE; d
=d

sinceUpU] = Iy wheneveP =N.

(7.46)

(7.36)

(7.37)

(7.47)

Thus, one can fit the data exactly whend¥erN. The reason is thaly is empty wherP =

N. That is,Up is equal tdJ space.

The Generalized Inverse Solution Lies inVp Space

The generalized inverse solutioy is given by

mg=G,d

149
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and is a vector in model space. It lies completeldrspace. The way to see this is to take the dot
product ofmg with the eigenvectors iWo. If mg has noprojection inVq space, then it lies
completely inVp space.

Thus,
Vg mg = Vg G‘gl d
= VI VeAZL UT d

:(M oP) » (7.48)

sinceV{ Vp =0.

Nonunigueness of the Solution Wher R <M

The solution toGm = d is nonunique becausé, existswhenP < M. Let the general
solutionm to Gm =d be given by

(7.49)

Mz

That is, thegeneral solution isgiven by thegeneralized inverseolution mgy plus alinear
combination of the eigenvectors Wy space, where; areconstants. The predicted datéor the
general case is given by

A O M [
Gm =Glng + Za, v; U
H H
i=P+1
" (7.50)
mat 2.0
WhenG operates on a vector Wy space, however, it returns a zero vector. That is,
GVO = Up/\pvg VO
= 0 (7.51)

N x (M —P)

which follows from the fact that the eigenvector¥mare perpendicular to the eigenvectord/i
Thus,

G =Gmg +0
=d (7.52)
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Now, consider the length squaredrof

M
« 2
[iof” = mg|”+ % a? (7.53)
i=P+1
which follows from the fact thav{] Tv; = §;.
[IM]P = [mglP (7.54)

That is,mg, the generalized inverse solution, is the smallesll gfossible solutions t&m = d.
This is precisely what was stated at the beginning of this section: the generalized inverse solution is
equivalent to the minimum length solution whea N < M.

It is Possible to WritéB—g1 WithoutVp WhenP =N <M

To seethis, we write the generalized inverggerator as the minimum length operator and
use singular-value decomposition. That is,

G4 =GT[GGT
=GTUpAZ U] (7.55)

Typically, this shortcut is not used because knowledd&apace is useful ithe interpretation of
the results.

7.2.5 Class IV: P <min(N, M)

This is the class of problems for which neither leagtares nominimum lengthoperators
exist. That is, the least squares operator

GLs = [GTG]-IGT (3.28)
does not exist becauggTG]-1 exists only whe® = M. Similarly, the minimum length operator
GuL =GT[GGT]1 (3.69)
does not exist becausBET]-1 exists only wher = N.
ForP < min(N, M) we have
1. Vo is not empty.

2. Up is not empty.
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In this environment thesolution is both nonunique (becaugg exists), and it is impossible to fit
the data exactlyinlessthe compatibility equationfEquations 6.69pre satisfied. That is, it is
impossible to fit the data exactly unless the data have no projectiob@space.

The generalized inverse operator cannot be further reduced and is given by Equation (7.9)
Gy =VeAp US (7.9)

The generalized inverse opera@p! simultaneously minimizes the misfiectord — d in data
spaceandthe solution lengthrig|F in model space.

In summary, in this section weave shownthat the generalized inver:t;r,'z)eratorG‘g1
reduces to

1. The exact inverse whéh=N =M.

2. The least squares inver§&'[5]-1GT whenP =M < N.

3. The minimum length invers@[GGT]-1 whenP =N <M.

Since wehaveshownthat the generalized inverse is equivalent toekect, least squares,

andminimum lengthoperatorswhen they exist, it is wortbomparing thevay thesolution mg is
written. In the least squares or unique inverse environment for example, we would then write

mg=Gld (7.56)
but in the minimum length environment we would write
my = <m> + Gl [d - G<m>] (7.57)
which explicitly includes a dependence on the prior estimaite <t is somewhat disconcerting to

have to carry around two forms of the solution for the generalized inverse. Carvisadibappens,
however if we use Equation (7.57) for the unique or least squares environment. Then

Mg = <m> + (3-g1 [d —G<m>]
=<m> + G—gl d- G—gl G<m>
= G-gl d+ [l —G-gl G]<m> (7.58)

For the uniqueinverse environmentz—! G = Iy, and hence EquatiofY.58) reduces to
Equation (7.56). For the least squares envirdnment, we have

Ggl G=[GTG]"IGTG =1y (7.59)
and hence Equation (7.58) again reduces to Equation (713®).uniqueinverseand leassquares
environmentsthus have nodependence onm>. Equation (7.57)however, istrue for the

generalized inverse iall environments and ihusadopted as the genefarm of the generalized
inverse solutiomg.
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In the next section waiill introduce measures diie quality of the generalized inverse
operator. Thesavill include themodel resolution matriR, the data resolution matriXN (also
called thedata information density matjixand theunit (mode) covariance matrixcov, m].

7.3 Measures of Quality for the Generalized Inverse

7.3.1 Introduction

In this section three measures of quafity the generalized inverseill be considered.
They are

1. TheM x M model resolution matriR
2. TheN x N data resolution matriX
3. TheM x M unit covariance matrix [cum]

The model resolution matriR measureshe ability of the inverse operator to uniquelgtermine
the estimated model parameters. The dagalution matriXN measureshe ability of the inverse
operator to uniquely determine the datdhis is equivalent todescribing theimportance, or
independent information, provided by the data. e resolution matrices depengoon the
partitioning of model and data spaces 9 Vo, andUp, Ug spaces, respectively. Finally, the unit

covariance matrix [cqum] is a measure of how uncorrelated noisth unit variance in the data is
mapped into uncertainties in the estimated model parameters.

7.3.2 The Model Resolution Matrix R

Imagine for the moment that there is some “true” solumike that exactly satisfies
Gmtrue =d (7.60)
In any inversion, we estimate this true solution wwifist:
mest= Gg;d (7.61)
whereGgl; is some inverse operator. It is then possible to asknsicompares tontrue,

Specifically considering the generalized inverse, we start with Equ@tiéh) andreplaced
with Gmtrue, obtaining

Mg = G‘gl Gmtrue (7.62)
The model resolution matrRR is then defined as
R = G—gl G (7.63)

whereR is anM x M symmetric matrix.
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If R = I, thenmest = mtrue, and we saythat all of themodel parameters are perfectly
resolved, or equivalently that all of the model parameters are uniquely determirked: I{f, then
mestis some weighted averagerofe.

Consider théth element ofmest denotedn £5t, given by theproduct of thekth row of R
andmtrue;

|:| ﬁrue
U DSELD
est _ [ U 0
M~ =3 kth row of R 00: o (7.64)
B

i,

The rows of R canthus be seen dwindows,” or filters, throughwhich the truesolution is
viewed. For example, suppose thathktierow ofR is given by

Rk=[0,0,...,0,1,0,...,0,0]
kth cEIumn
We see that
Mt = Omie + D+ OmiHs + 1mffUe + Omigys + M+ g
or simply

In this case wesay that thekth model parameter is perfectly resolved,umiquely determined.
Suppose, however, that tkiéd row of R were given by

Rk=[0,...,0,0.1,0.3,0.8,0.4,0.2,...,0]
O
kth column

Then thekth estimated model paramet§§! is given by

megst = 0.8 + 0.3mY$ + 0.8am{Ue + 0.4m{¥S + 0.2mifYS
Or, mESt is a weighted average of sevams inmi'u€, |n the casgust considered, ilepends
most heavily (0.8) om{{“e, but it also depends on other components of the true solutiorsayVe
then, thalrri*kSt is not perfectly resolved in this cas&he closer the row aR is to the row of an
identity matrix, the better the resolution.

From theabovediscussion, it islear that modetesolution may be consideretement by
element. IfR = Iy, thenall elements are perfectly resolved. If a single ronRofs equal to the
corresponding row of the identitpatrix, then the associated model parameter estimate is perfectly
resolved.

Finally, we can rewrite Equation (7.58) as

mg =Gy d+ [l -Rl<m> (7.65)
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Some Properties d®

1.

R=VpV]
Using singular-value decomposition on Equation (7. B3)an be written as
R ={VpA L UL X UpApV] }
= VpA L ApV]
=VpV] (7.66)
In general,\/pvg #1. However, ifP =M, thenVp =V, andVg is empty. In this case,
R=VpVI =WT=ly

sinceV is an orthogonal matrix. Thus, the condition for perfect model resolutibti¥ o
be empty, or equivalently thBt= M.

M
Trace (R) = z r; =P, the number of nonzero singular values
=1

Proof: If R =1y, thenP =M and traceR) = M.

For the generaktase, it ispossible towrite R as the product of the followinghree
partitioned matrices:

0. o0Ol3O
R=|[VpV, g_Pl P
[Velvol 267 (3¢

(7.67)
00 0Og
=VAVT

where no part 0¥ o actually contributes tB because of the extra zerosAin

The trace oA\ is equal td®. Note, however, that matri has been obtained froR by
an orthogonal transformation becadses an orthogonal matrix. Thus, by Equatjon
(2.30d), which statesthat the trace of a matrix isnchanged by an orthogorjal
transformation, we conclude that trdke- P, as required. Q.E.D.

Trace R) = P implies thatG has enouglnformation to uniquely resolve aspects of the
solution. These aspectwe, in fact,the P directions in model spacgiven by the
eigenvectory;j in Vp. Whenever a row dR is equal to a row of the identity matiixthen
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no part of the associated model paramaidills in Vy space(i.e., it all falls in Vp space)
and that model parameter is perfectly resolved. VWheamot equal to the identity matrix
some part of the problem is not perfectly resolved. Sometimes thiseptableand other
times it is not, depending on the problemForming new modelparameters as linear
combinations of the old model parameters is wag toreduce thenonuniqueness of the
problem. One way to do this is to form new model parameters by t&ngjgenvectors;

to define the linear combinations. Supposevhat> p, is given by

vi=(1/AM)[L,1,1,..., 1] (7.68)

This tells usthat the average of all theodel parameters is resolvesen ifthe individual
model parameters may not be. If we defined a new model parameter as the average of all the
old model parameters, it would be perfectly resolved.

If, as is often the cas6 represents some kind of ameraging functionyou can attempt to
reduce thenonuniqueness dhe problem by forminghew modelparameters that are the
sum or average of a subset of the old ones, even without using the full information lin

the model parameters are discretized versionsasininuousfunction, such asvelocity or
density versuslepth,you may be able to improve thesolution by combining layers. A
rule of thumb in this case is to sum the entries along the diagonal of the resolutionRmatrix
until you get close tane. At thispoint, your system isble to resolve@ne aspect of the
solution uniquely. You can try formingreew model parameter as the average of the layer
velocities or densities up to this point. Depending on the detadsyfu mayhaveperfect
resolution of this average of the old model parametBrespending orthe problem, it may

be more useful to uniquely knothe average of the modphrametersver some depth
range than it is to have nonunique estimates of the values over the same range.

M
Z = Z rf =r; = “importance” ofith model parameter

M
=1 =1

If rij = 1, then theth model parameter is uniqualgsolved.and it is thus said to beery

important. If, on the other hang, is verysmall,then the parameter morly resolved and
is said to be not very important.

If we further note thaR can be written as

wherer;j is theith column ofR, then the estimated solutiom, from (7.62) can be written as
mg = Rmtrue

= rmg +romp + .. +rymy

156



Geosciences 567: Chapter 7 (RMR/GZ)

wheremy is theith component ofntue which follows from (2.15)—(2.21). That is, the
estimated solution vector can also be thought of asvéightedsum ofthe columns oR,
with the weighting factors being given by the true solution.

The length squared of each columrRotan then be thought of as the importancenpin
the solution. The length squared pis given by

M
”ri”2 = Z rj% = Tjj
=1

Thus, the diagonal entries IR give the importance of each model paramétar the
problem.

We will return to the model resolution matfxlater to show how the generalized inverse is

the inverse operatdhat minimizes the difference betweBn= G-1 G andly in the leassquares
sense, and when we discuss the trade-off between resolution and variance.

7.3.3 The Data Resolution Matrix N

Consider the development of the data resolution mitriwhich follows closely that of the
model resolution matriR. The estimated solution, for any inverse oper@igd, is given by

mest= Gg;d (7.69)

The predicted datal, for this estimated solution are given by

~

d = Gmest (7.70)
Replacingmestin (7.70) with (7.69) gives
d = GGzl d = Nd (7.71)

whereN is anN x N matrix called thelata resolution matrix
A Specific Example
As a specific example, consider the generalized inverse op@rétorThenN IS given by
N=GG| (7.72)

If N = I, then the predicted dath equal the observed dath and the observedata can be fit
exactly. IfN # Iy, then the predicted data are some weighted average of the obsended data

Consider théth element of the predicted daia
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0 Dﬂle

O

=0 20
dk_D kth row of N 0g: O (7.73)

B B0, O

%‘ND

The rows ofN are“windows” throughwhich the observed data arewed. Ifthe kth row of N
has a 1 in th&th column and zeroesisewhere, th&th observation is perfectly resolved. We also
saythat thekth observation, irthis case,provides completely independent informatioRor this
reasonN is sometimes also referred toths data information density matrix Equation(7.73)
showsthat thekth predicted datum is a weighteverage of all of thebservationswith the
weighting given by the entries in tkih row ofN. If thekth row of N hasmany nonzerelements,
then thekth predicted observatiothepends onhe truevalue ofmany of the observations, and not
just on thekth. The data resolution of théh observation, then, is said to be poor.

Some Properties df for the Generalized Inverse
1. N = GG‘g1 =UpUt
Using singular-value decomposition, we have that
N=GG = UpApV] VAT US
=UpUJ (7.74)
sinceVVp =1 (Vp is semiorthogonal) andp/A S = 1.

In generaI,UpUE # In. However, ifP = N, thenUp = U, andUg is empty. Then,N =
UpUE = UUT =1y, sinceU is itself an orthogonal matrix. Thus, the conditfon perfect
data resolution is thalg be empty, or tha® = N.

2. trace N) =P

The proof follows that of tracdR) =P in (7.63):

dp OfULO
N=UpUp :[UP|UO]E(;’ O%J—?B
0
and
Op OD_
trace EO OH_ P Q.E.D.

If, for example,

Nip+ng=1 (7.75a)
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one might choose to form a new observatlpras a linear combination af, andd,, given
in the simplest case by

di =dq +dy (7.75b)

The actual linear combination of theo observations that is resolvatépends on the
eigenvectors itp, or equivalentlyuponthe structure of theataresolution matrixN. In
any case, the newbservationd’ could provide essentially independent information and
could be a way to reduce the computational effort of the inverse problem by reNuciimg
many caseshowever, the benefit of being able taverageout data errors over the
observations is more important than any computational sawrasmight comefrom
combining observations.

=n; = “importance” of thath observation (7.76)

That is, the sum of squares of the entries in a row (or column,silsceymmetric) ofN is
equal to the diagonal entry in that row. Thus, as the diagonal entry gets large (olosg to
the other entries in that romustbecome small. As the importance of a particular datum
becomedarge, thedependence of the predicted datum on other observatiogtbecome
small.

If we further note that we can writéas

0:
N=th n, -~ nyp (7.77)
T :

OO

RN

wheren; is theith column ofN, then the predicted dathfrom (7.71) can be written as
d =Nd
= n,dy + nody + MIH nydy (7.78)

whered; is theith component ofl. Equation(7.78)follows from (2.15)—(2.21). That is,

the predicted dataector canalso be thought of ake weightedsum ofthe columns oN,
with the weighting factors being given by the actual observations.

The length squared of each columnNbttan then be thought of as the importancel; oh
the solution. The length squaredpfs given by

N
Imi|* = Z nf = (7.79)

1=1

Thus, the diagonal entriesigive the importance of each observation in the solution.
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It can also be shown that the generalized inverse op&@ator= VpAZ UL minimizes the
difference betweeiN andly. Let us nowturn ourattention to another measure of quafiy the
generalized inverse, the unit covariance matrix Jeoj

7.3.4 The Unit (Model) Covariance Matrix [coy m]

Any errors (noise) irthe datawill be mapped intoerrors inthe estimates of the model
parameters. The mapping wésst considered in SectioB.7 of Chapter 3. Wewill now
reconsider it from the generalized inverse viewpoint.

Let the error (noise) in the daledbeAd. Then the error in the model parameters duisdto
is given by

Am = G—g1 Ad (7.80)
Step 1 Recall from Equation (2.42c) that tNex N data covariance matrix [cal] is given by
k
[covd] = 1 ad [ad]" (7.81)
k-1 2 '
=1
wherek is the number of experiments, ant the experiment number. The diagonal
terms are the data variances and the off-diagonal terms are the covariances.

The data covariance is also written &sl&dT>, where < > denotes averaging.

Step 2 We seek, then, a model covariance matim&mT> = [covm].

<Am AmT> = <G 1 Ad[G L Ad]T>

=G} AdADT[G L™ (7.82)
G‘gl is not changingwith each experiment, so we can takeouttside theaveraging,
implying
<Am Am>T = G-g1 <Ad AdT> [G—g1 1T
or

[covm] = G‘g1 [covd] [G‘gl]T (7.83)

The above derivatioprovides some othe logic behind Equation (2.44cphich was
introduced in Chapter 2 as magic.
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Step 3 Finally, define a unit (modebovariance matrix [cqvm] by assuminghat [covd] = I,

that is, by assuming that all the data variances are equadrd thecovariances are all 0
(uncorrelated data errors). Then

[coym] = G—g1 [cov d][G—g1 1T

=G LG (7.84)

Some Properties ¢g€ovy m]

1. Using singular-value decomposition, we can write the unit model covariance matrix as
[covy m] = G‘g1 [G—gl 17
=Vp AL US [Vp A US]T
=VpAF UL UpAZ V]
=VpAZ V] (7.85)
This emphasizethe importance of the size of tlsengularvaluesA; in determining the

model parameter variances. As gets small, theentries in [coy m] tend to get big
(implying large model parameter estimate variances) due to the terms in 1/

Consider théth diagonal entry in [cqum], [covy M]kk, Where

- A/ 0 - 0 % vi B
' 0 1A == SR
[covyml =y vy - Eﬂ] 2 % >3 (1.86)
o . . 0 : 0
S %o e 0 1/AP@ VIS

If we multiply out the first two matrices, we can then identifykkentry in [coy, m] as the
product of thekth row times théth column of the resulting matrices

Ovg /AT viplA5 o vplAZ
oM 12: 2 1P. PDD,11 Vi VMlS
[cov, M = 5 5 9 2 2, Vik2 VM2
kth row El‘/kl/Al Ve /A2 - VkP//\ngl_ :E
0o : : S0 O
P Ve 0 Ve[
B’Ml/A% V|v|2//\% VMP//\ H
0
kth column
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P V2
= zA—'TZ' (7.87)

Thus, asij gets small, [caym]kk will get large ifvgj is not zero. Recall thatvkj is thekth
component in théh eigenvector; in Vp. Thus, it is the combination df gettingsmall,
andv;j having a nonzero component in itle row, that makes the variance for #ie model
parameter potentially very large.

2. Even if the data covariance idiagonal (i.e.,all the observationshave errors that are
uncorrelated), [cqym] need not baliagonal. Thats, themodel parameter estimates may
well have nonzero covariances, even though the data have zero covariances.

For example, from Equation (7.87) above, we can see that

Vi1 O

E{ u P V1i Vi
[cov, mly =[vi /A2 v A2 - vlp//\’é,] fzﬂzzﬂ—zk' (7.88)

§,' B 1=1 /\i

kP

Note that the term in the above equation
P
Z Vi Vi
22
i=1 !
is notthe dot product ofwo columnsof Vp. In fact, even ifthe numeratomwere the dot
product between columns (i.ey;Vik), the fact that every term is divided By would likely

yield something other than 1. The numerator is the dot produatoafows of Vp and is
likely nonzero anyway.

3. Notice that [coy m] is a function of the forward problem aspressed irG, andnot a
function of the actual data. Thus, it can be useful for experimental design.

7.3.5 Combining R, N, [coy m]

Note that, in generdas, G‘gl, R, N, and[cov, m] can be written irterms of singular-value
decomposition as

1. G= Up/\pV-Pr
2. Gy =VeAp UL
3. R =G‘glG :VPVE

4. N=GG{ =UpU}
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5. [coy, m] = G—g1 [Gg YT

= VpAEZ V]

Casel: P=M=N
R= G‘gl G=Iw sinceG‘g1 =G1
N = GG_g1 =GG1l=1y, Sil’lceG‘g1 =G-1
[covum] =G [Gg YT
= VA-WUT[VA-UT]T

=VA-WTUA-IVT = VA-2VT

Case ll P=M <N (Least Squargs
G =VpAF UL = [GTG]-1GT
R :G‘glG =VpVg =WT=ly sinceP=M
N = GG—g1 = G{[GTG]-1GT} = (using SVD . . .) 2UpU}
[covy m] = G—g1 [G—g1 1T
=GTCI-IGH[GTG]1GT}T

= (using SVD .. ) ¥pA2 V]

Case lIt P =N <M (Minimum Length

Gy =VpAF UL =GT[GGT]
R=G, G=GT[GGT]IG = (using SVD .. ) ¥pV]

Chapter 7 (RMR/GZ)

N =GG =G{GT[GGT]} = (using SVD . . .) =UpUJ =UUT =1y

[covym] =G} [G T
=GT[GGT"{GT[GGT]-} T
= (using SVD ...) ¥/pA2 V]
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Case IV P <min(M, N) (General Casg

This is just the general case.

7.3.6 An lllustrative Example

Consider a system of equatid@m =d given by

1.00 1.00mm O [2.000

P00 201HMH B.10H

Doing singular-value decomposition, one finds

A1 =3.169
A2 =0.00316
[0.446 -0.8950]

Up=U=D 605 04461

V. =y - [9706 ~0.7090

P "H709 0706
(1.0 0.00

R=VpVp “fho 10f I,
1.0 0.0Q

, 0201 -1000
9 “Hoo0 100H

0201 -10012.00_ 8.0

Gg'd = H200 100 H1H Hoof

(7.89)

(7.90)

Note that thesolution hagperfect model resolutiorR(= I, and hence thsolution is unique) and
perfect data resolutiomN(= I, and hence the data can be fit exactly). Note als®thdll = M, and

the generalized inverse is, in fact, the unique mathematical inverse.

This solution is, however, essentially meaningless if the data contain even a small amount of
noise. To see this, consider the unit covariance matrix, fjodYor this case:

- ) [9.0996 0
[cov, m] =G G,"™ = VARV :vPH 0
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150,401 -50,200]

= 7.91
H-50,200 50,000 H (7.92)
These are very large covarianées m; andmp, which indicate that the solutiowhile unique and
fitting the data perfectly, igery unstable, or sensitive twise inthe data. For example,suppose

thatd, is 4.0 instead of 4.1 (2.5% error). Then the generalized inverse sahgtisigiven by

0201  -100r2.00_ [2.00

— —l
Mg =Ggd = Hoo0 100 F.0H" Fo.0H (7.92)

That is, errors of less than a few percertt nesult in errors on the order of several hundred percent
in mg. Whenever small changes dhresult in large changes mg, the problem is considered
unstable. In this particulgaroblem, if asolution is desireavith a standarddeviation oforder0.1,

then the data standard deviations must be less than akd@%

Anotherway of quantifying the instability of the inversion with the condition number
defined as

condition number 2max/ Amin (7.93)

For this particular problem, the conditiomumber is approximately 100GQyhich indicates
considerable instability. The condition number jtsglf, can bamisleading. If a problerhas two
singular valued andA,, with A1 = 1,000,000 and, = 1000, them1/A, = 1000. Thigproblem,
however, is very stable with changes of length order one in the data (do you see lfyh@®yever,

A1 =0.001 andA, = 0.000001, therd1/A, = 1000, and unit length changes in tdaawill cause
large changes in theolution. In addition to justhe condition number, the absolute size of the
singular values is important, especially compared to the size of the possible noise in the data.

In order to gain a better understanding of the origin ofrtsability, one must consider the
structure of theés matrix itself. For the presenexample,inspectionshowsthat the columns, or
rows, ofG are very nearly parallel to one another. For example, the angle between thegiastors
by the columns is 0.114°, obtained by taking the dot product of the two columnsworéaumns
of G span the two dimensional data space, and hence thesdabation isperfect,but thefact that
they are nearly parallel leads to a significant instability.

It is not a coincidence, therefore, that the data eigenvector assatiidiede larger singular
value,u; = [0.446, 0.899], is essentially parallel to the common directiwven by thecolumns of
G. Nor is it a coincidence thas, associated with the smaller singular value, is perpendicular to the
almost uniform directiorgiven by thecolumns of G. The eigenvectou,; represents &table
direction in data space as far as noise is concerned, whi#presents an unstable directiordata
space as far as noise is concerned. Noise in data space paualigiltbe damped by B, while
noise parallel tai, will be amplified by 14..

Similar arguments can be made about the row& @fhich lie in model space. Thatyg, is
essentially parallel to the almastiform directiongiven by therows of G, while v, is essentially
perpendicular to the directiagiven by therows of G. Noiseparallel tou;, when operated on by
the generalized inverse, creates noise in the solution paraligl wdile noiseparallel tou, creates
noise parallel tor,. Thus,v, is the unstable direction in model space.
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Methods to stabilize the model parameter variances will be considerddtan section, but
it will also be shown that any gain in stability is obtained at a cost in resolution. hBwstyer, we
will introduce ways to quantifi, N, and [coy, m]. We will return to theabove exampland show
specifically how stability can be enhanced while resolution is lost.

7.4 Quantifying the Quality of R, N, and [coy m]

7.4.1 Introduction

In the proceedingections wehave shownthat the modefesolution matrixR, the data
resolution matriXN, and the unit model covariance matrix [gon] can be venyuseful, at least in a
gualitativeway, inassessinghe quality of a particular inversion. this section, wewill quantify
these measures ghiality, and showthat the generalized inverse is the inverse that givebdbe
possible model and data resolution.

First, consider the following definitions (see Menke, page 68):

MM ,
spread (R) = R~ 1[5 = [rij ‘5ij] (7.94)
=1 =1
N N ,
spread (N) =[N 1[5 = ny =& (7.95)
2 ;;[ j 1]
and
M
size ([cov,m]) = z[covu m]; (7.96)

1=1

The spread function measures how diffeRer{pr N) is from an identity matrix. IR (or N) =1,
then spreadR) (or N) = 0. The size function is theace of the unit modatovariance matrix,
which gives the sum of the model parameter variances.

We can now look at the spread and size functions for various classes of problems.

7.4.2 Classes of Problems
Classt P=N=M

spread R) = spreadl{) =0 perfect model and data resolution
size ([coy, m)) depends on the size of the singular values
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Class It P=M <N (Least Squargs

spreadR) =0 perfect model resolution
spread ) # 0 data not all independent
size ([coy, m)) depends on the size of the singular values

Class lI. P =N <M (Minimum Length

spreadR) 0 nonunique solution
spreadl) =0 perfect data resolution
size ([coy, m]) depends on the size of the singular values

Class IV P <min(N, M) (General Casg

spreadR) #0 nonunigue solution
spread ) # 0 data not all independent
size ([coy, m)) depends on the size of the singular values

We also notehat theposition of an off-diagonal nonzero entry Bhor N does notaffect the
spread. This is as it should be if the model parameters and data have no physical ordering.

7.4.3 Effect of the Generalized Inverse Operator

We are now in a position to shahat the generalized inversperatorG_! gives thebest
possibleR, N matrices in terms of minimizing thepread functions as defined ([A.94)—(7.95).
Menke (pp. 68—70) does this ftie P = M < N case,and lessfully for the P = N < M case.
Consider instead, the more general derivation (after Jackson, 1972). For any estimaitevefsthe
operatoiGg;, the model resolution matrR is given by

R= Gé%tG
= Gé%tUp/\pVE,—
- T
=BV] (7.97)

whereB = Gg{Up/Ap. From (2.15)—(2.21), each row Rfwill be a linear combination of the rows
of V,I , or equivalently a linear combination of tbelumns ofVp. The weighting factors are
determined by, which depends on the choice of the inverse operator.

The goal, then, is teahoose arinverse operatothat will makeR mostlike the identity
matrix | in the sense of minimizing spred®)( Defineb] as thekth row of B, andd] as thekth
row of ly. We seelbﬂ as the least squares solution to

ol VI =d

E (7.98)
I1xP PxM 1xM

167



Geosciences 567: Chapter 7 (RMR/GZ)

Taking the transposes implies

Vp bk = dk (7.99)
MxP Px1 Mx1

Equation (7.99) can be solved with the least squares operator [see (3.19)] as
bk = [VE Vel=IV ] dy

=1-v ] di

=V di (7.100)
Taking the transpose of (7.100) gives

bl =d} Vp (7.101)

Writing this out specifically, we have

M1 Vi 0 Vgp E
[Bg B - Be|=[0 - 0 1 0 - O]é{/?l V?2 o Vep (7.102)
E %’Ml VM2 VMPE
Looking at (7.102), we see that fitle entry inbﬁ is given by
bki = ki (7.103)

That is, each element in th#éh row of B is thecorrespondingelement in thékth row of Vp. Or,
simply put, thekth row of B is given by théth row ofVp.

Making similar arguments for each rowBfives us
B=Vp (7.104)
SubstitutingB back into (7.97) gives
R=VpV] (7.105)
This is, howevergxactly the modetesolution matrixfor the generalizedhverse, given in(7.65).

Thus, we havashownthat the generalized inverse is thgeratorwith the best model resolution in
the sense that the least squares difference befvaadly, is minimized. Very similar arguments

can be made that show that the generalized inverse is the operator with the best data resolution in the
sense that the least squares difference betiveerl \ is minimized.

In cases where the model parameters or data have a natural ordering, such as a discretization
of density versus depth (fenodel parameters) aravity measurements along a prof{fer data),
we mightwant to modify the definition of thespread functions in (7.94)—(7.95). One such
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modification leads to the Backus—Gilbert inverse. A modified spread function is defined by

M M
spread(R)=zZW, i)r -ay] (7.106)
&

1=1 1

whereW(, j) = (i —j)2. This gives more weight (penalty) to entries far from the diagoniaslithe
effect, however, otanceling out any = j contribution to thespread. To handlthis, a constraint
equation is added and satisfied by the use of Lagrange multipliers. The constraint eqgatsmn is

by
M
z r =1 (7.107)
=1

This ensures that not all entries in the rovrare allowed to go to zero, which woutdnimize the

spread in (7.106). The inverse operator based on (7.168laed theBackus—Gilberinversefirst
developed for continuous (rather than discrete) problems.

7.5 Resolution Versus Stability

7.5.1 Introduction

We will see in this section that stability can be improved by removing smglllarvalues
from an inversion. Waenill also see, howeverthat this reduceshe resolution. There is an
unavoidable trade-off between solution stability and resolution.

Recall the example from Equation (7.89)

1.00 1.00qmy O 2.000

%00 2.01Hm,H F1oH (7.89)

The singular values, eigenvector matrices, generailmense,and otherelevant matrices amgiven
in Equation (7.90).

One option is to arbitrarily s@b = 0. TherP is reduced from 2 to 1, and

U, _ 04460
P~ H.895H
_ [0.7060

Ve = ~ B.700H

0.5 0.5
R=VpVp = .5 05H
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. 02 040
N=Uelr =4 o8-

0.099 0.1990

-1 =1, T —
Gg =VeApUp ~H.100 0.200H

[0.0496 0.0498

cov, m] = VpAZVp =
[cov,m] =VpAp Ve H).0498 0.0500H

L, _ 110160
=Ggd= H.020H

and

A o4
i=G ﬁ 085 (7.108)

First, note that the size of the unit modeVariance matrikhasbeen significantly reduced,
indicating a dramatic improvement in stability in 8@ution. The model parameter variances are
order 0.05 for data with unit variance.

Second, note that the fit to the datdaile not perfect, | fairlyclose. The misfitgor d; and
d, are, at most, 2%.

Third, however,note thatboth model andlataresolutionhavebeen degraded fromperfect
resolution when both singular valuesreretained. Infact, R now indicates that the estimates for
bothm; andm, are given by the average of tee values ofn; andmy,. That is,0.706n; plus
0.704m, is perfectly resolvedyut there is no information about the differencehis can also be
seen by examininyp, which points inthe [0.706,0.709T direction in model space. This is the
only direction in model space that can be resolved.

Recall on pagd 65 that whend, was changeffom 4.1 to4.0, thesolution changed from
[-8, 10[ to [2, Of. The sum of m; and m, remained constant, but the difference changed
significantly. Ifd, is changed from 4.1 to 4.0 now, the solution is [0.998, 17006ty close to the
solution withd, = 4.1.

In somecases, knowing theum ofm; andm, may be usefulsuch asvhenm gives the
velocity of some layered structure. Then knowingatherage velocity, even the individual layer
velocities cannot be resolved, may heseful. In anycase, we havehown that the original
decompositionyvith two nonzero singulavalues,was so unstablthat the solutionwhile unique,
was essentially meaningless.

The dataresolution matrixN indicates that theecondobservation is more important than
thefirst (0.8 versus 0.2long the diagonal).This can beseeneitherfrom notingthat thesecond
row of either column o6 is larger than the firsbw, andUp is formed as a linear combination of
the columns o6, or by looking atJp, which points in the [0.446, 0.895jlirection in data space.
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Anotherway to look atthe trade-off is by plotting resolution versus stability slwn

below:
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large size ([cov, m]) small
(smaller = better)

As P is decreased, by setting small singular values to zero, the resolution degndeldise

stability increases. Sometimes itpsssible topick an optimalcut-off value for small singular
values based on this type of graph.

7.5.2 R, N, and [coy m] for Nonlinear Problems

The resolution matrices and the unit moclariance matrix aralso useful in a nonlinear
analysis, although the interpretations are somewhat different than they are for the linear case.

Model Resolution MatriR

In the linear case thsolution is uniquevheneverR = 1. For the nonlinear problem, a

unique solution is not guaranteeden ifR = I. In fact, nosolutionmay existeevenwhenR = 1.
Consider the following simple nonlinear problem:

m2 =d; (7.109)

With a single model parameter and a single observation, wePaxé = N. Thus,R =1 at every
iteration. Ifd; = 4, the process will iterate successfully to the solutips 2 unless, by chance, the
iterative processever gives m; exactly equal tazero, in whichcase the inverse iandefined.

However, ifd; is negative, there is no real solutiamd theiterative processwill never converge to
an answer, even though=1.

The uniqueness of nonlinear problems also depends on the existéoca ofinima. It is
always a good idea in nonlinear problems to explore solution spawak&surethat thesolution

obtainedcorresponds to global minima. Take, for example, thefollowing casewith two
observations and two model parameters:
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i+ =2
mZ +mj3 =2 (7.110)

This simple set ofwo nonlinear equations itwo unknowns hasR =1 almost everywhere in
solution space. Binspectionhoweverthere ardour solutionsthat fit the data exactly, given by

[my, mp] T =1, 1T, [1, =1T, [-1, 1T, and [-1, 1T, respectively.

To see the role of the model resolution matak a nonlinear analysistecall Equations
(4.12)—(4.16), where, for example,

Ac = GAm (4.13)

andwhereAc is the misfit to thedata, given bythe observedninus the predicteddata,Am are
changes to the model ditis iteration,and G is the matrix of partial derivatives of tHerward
equations with respect to the model parameter®k 3| at the solution, then the chandes are
perfectly resolved in the closdcinity of thesolution. IfR # |, then therewill be directions in
model spacdcorresponding td/g) that donot change the predictethta,and hence the fit to the
data. All of this analysis, of course, Isased orthe linearization of a nonlinear problem in the
vicinity of the solution. The analysis ofR is only as good athe linearization of the nonlinear
problem. If thesolution isvery nonlinear at the solution, thalidity of conclusions based on an
analysis oR may be suspect.

Note also thaR, which depends on bot and the inverse operator, may change during the
iterative process. Forexample, in theEquation (7.110) above, wenoted thatR = | almost
everywhere in solution space. At the point givenrby frp]T = [0.7071, 0.7071] you may verify
for yourselves that all four entries in tBematrix of partialderivatives areequal to 1. In thigase,

P is reduced from 2 to 1.The nextiteration, however, wiltake thesolution to somewherelse
where the resolution matrix is again an identity matrix. The analyBissathus generally reserved
for the final iteration at the solution. At intermediate st&psletermines whether there is a unique
directionin which tomovetoward thesolution. Sincdhe path to theolution is lesritical than
the final solution, little emphasis is generally placedRaturing the iterative process.

The generalized inverse operator, wHictds the minimum lengttsolution for Am, finds
the smallest possible change to the linearized problemirimize the misfit to the dataThis is a
benefit because large changeAiin will take the estimated parameter valtmsherawayfrom the
region where the linearization of the problem is valid.

Data Resolution MatrixN

In the linear casd\ =1 implies perfectly independent (and resolved) datathénnonlinear
case,N = | implies that the misfiAc, and not necessarily thaata vectord itself, is perfectly
resolved for the linearized problem.Nf# |, then any part of the mistiic that lies inUg spacewill
not contribute to changes in the model parameter estimates. vinitiity of the solution, IfN = I,
then data space is completedsolved,and the misfishouldtypically go to zero. IN # | at the
solution, then there may be a part of the data that cannot b8utf. even ifN = I, there is no
guarantee that there @y solutionthatwill fit the data exactly. Recall the example in Equation
(7.109) above wherd =1 everywhere. Ifl; is negative, no reaolutioncan befound thatfits the
data exactly.
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As with the model resolution matrix, is most useful at theolution and less useful during
the iterative process. Also, it should always be recalled that the analisis ohly asvalid as the
linearization of the problem.

The Unit Model Covariance Matripcovy m]

For alinear analysis, the unit modebvarianceprovidesvarianceestimatesor the model
parametersaassumingunit, uncorrelated data varianced-or the nonlinearcase, theunit model
covariance matrix provides variance estimates for the model parameter diangéssthe solution,
these can be interpreted as variances for the model parameters themselves, as long as the problem is
not too nonlinear. Along theerative pathand at the final solution, the urgbvariance matrix
provides an estimate of the stability of fm®cess. Ithe variances are larginen there must be
small singularvalues,and the misfit may be mapped into large changes in the model parameters.
Analysis of particular model parameter variances is usually restwéae final iteration. Aswith
both the resolutionmatrices, the model parameter variaesémates ardased orthe linearized
problem, and are only as good as the linearization itself.

Consider a simpldl =M = 1 nonlinear forward problem given by

d=m"3 (7.111)

The inverse solution (exact, or equivalently the generalized inverse) is of course given by

m=d° (7.112)
These relationships are shown in the figures on the next page.

Suppose we considercase where™® = 1. The truesolution ism = 1. A generalized
inverse analysis leads to a linearized estimate of the uncertainty in the solutigm]jcaiv9. This
analysis assumes Gaussian now@ meanzero andvariance 1. If waise Gaussian noisgith
mean zerand standardeviationo = 0.25(i.e., variance $.0625)then[cov m] = 0.5625. The
simple nature of this problem leads toamnplification by a factor of 9 between the dataiance
and the linearized estimate of the solution variance.

Now consider an experiment in which 50,0@disy data values are collected. Theise in
these data has a mean of 0.0 and a standard deviation oF@2&achnoisy datavalue asolution
is found from the above equations. This will create 50,000 estimates sdlthi®n. Distributions
of boththe datanoise andhe solutionare shown inthe figures after those forthe forward and
inverse problems in Equations (7.111)—(7.112).

Note that due to the nonlinear nature of the forward problem, the distribution of solutions is
not even Gaussian. The mean value><is 1.18, greater than the “true” value of 1. The standard
deviation is0.84. Also shown onthe figure is themaximum likelihood solution my,, as
determined empirically from the distribution.

The purpose of this example is to show that caution must be applieel itterpretation of
all inverse problems, but especially nonlinear ones.
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Forward and Inverse Problems
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CHAPTER 8: VARIATIONS OF THE GENERALIZED INVERSE

8.1 Linear Transformations

8.1.1 Analysis of the Generalized Inverse Operatorg%

Recall Equation (2.21)
ABC =D (2.21)

which states that if the matriX is given by the product of matricés B, andC, then each column
of D is the weighted sum of the columnsfoindeach row oD is the weightedum ofthe rows
of C. Applying this toGm = d, we saw in Equatio(2.15)that the data vectat is the weighted
sum of the columns @. Note that both the data vector and the colum@&afeN x 1 vectors in
data space.

We can extenthis analysis by usingingular-value decompositionSpecifically, writing
outG as

G = Up N\p VE (6.65)
NxM NxP PxP PxM

Each column o6 is now seen as a weightsdm ofthe columns otJp. Each column o is an
N x 1 dimensionalector (i.e., in data spacehd is theweightedsum ofthe P eigenvectorsis,
Uy, ...,Up in Up. Each row ofG is a weightecsum of the rows ofvg , or equivalently, the
columns ofVp. Each row ofG is a 1x M row vector in model space. It is thweightedsum of the
P eigenvectorsy, v, . . . ,vpin Vp.

A similar analysis may be considered for the generalized inverse operator, where

Gd= Ve AE U] (7.9)
MxN MxP PxP PxN

Each column 061 is a weightedsum ofthe columns of/p. Each row 0iGy 1 is the weighted
sum of the rows ofJ] , or equivalently, the columns of.

Let us now consider what happens in the system of equ&mnsd when wetake one of
the eigenvectors iMp asm. Letm =vj, theith eigenvector ivVp. Then

Gvi =Up Ap VI (8.1)
Nx1 NxP PxP PxM Mx1

We can expand this as
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0. .0
o . O
o ¢ O
— T
GV =UpApld v I3, (8.2)
0 0
Q. v

The product oV with vj is aP x 1 vector withzeroseverywhere excegor theith row, which
represents the dot productwfwith itself.

Continuing, we have

00
A, O 0 DSB
0 _ EBDD
: O
GVi = UPD: Ai D%D
al 0 qC
g
EO 0 /\PEUD
HH
M0
0. O
. [
(U1 U1|. Uip BEOD
_ %‘21 Uy UZPD%\ 0
O : : gl
qbo
%"Nl UNi UneO0. O
0 g
F0H
(W O
O
=4%?D (8.3)
: O
i 0
Ni [
Or simply,
GvVj = Aj yj (8.4)

This is, of course, simply the statement of the shifeagenvalueproblem from Equatior{6.16).
The point was not, however, to reinvent #iefted eigenvalue problemut to emphasize thaear
algebra, or mapping, between vectors in model and data space.

Note thatv;j, a unit-lengthvector in model space, teansformed into &ector of length Aj
(sinceu; is also of unit length) imlataspace. IfAj is large,then a unit-length change in model
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space in the; directionwill have alarge effect on the data. Converselyjiifis small,then a unit
length change in model space in ¥hdirection will have little effect on the data.

8.1.2 G—g1 Operating on a Data Vector d

Now consider a similar analysisr the generalized inverse operaG)‘51 , Which operates
on a data vectat. Suppose that is given by one of the eigenvectorddp, sayuj. Then

G_glui = Vp /\_F,1 U; Ui (8.5)
Mx1 MxP PxP PxN Nx1

Following the development above, note that the produttlofwith uj is aP x 1 vector withzeros
everywhere except thth row, which represents the dot productiovith itself. Then

00
ol o 0 nkd
ot D%S
. E]O - . 0 .
Ggu; =Vpl. At 047
0 . 0 1
O . oo
5,000
Ho 0 AHoo
HH
Continuing,
00 O
0: O
(M1 Vi Vip DBO E
_ 5/21 Voi V2p O %\__m
0 : gt O
o o
g/Ml Vmi VvpOO. O
-
HO H
(M O
3, 0
=024 0 (8.6a)
O: O
% [l
Mi [
Or simply,
G‘g1 uj = /\‘il Vi (8.6b)
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This is not astatement of the shiftegigenvalue problenut has anmportant implication
for the mappindetween datand modekpaces. Specifically, it implies that a unit-lengtector
(uj) in data space Bansformed into &ector oflength 1A; in model space. If; is large, then
small changes id in the direction ofu; will have little effect in model spacé&his is goodif, as
usual, these small changes in the data vector are associated with ndises stinall, howeverthen
small changes id in theu; directionwill have alarge effect on the model parameter estimates.
This reflects a basic instability imverseproblemswheneverthere aresmall, nonzero singular
values. Noise in the data, in directions parallel to eigenvectors associated with small eahggdar
will be amplified into very unstable model parameter estimates.

Note alsothat there is an intrinsic relationship, or couplibgtween the eigenvectorsin
model space ang} in data space. Wheh operates oR;, it returnsu;, scaled by the singulaalue
Ai. Conversely, whesl operates om;j it returnsyv;, scaled by)\‘il . This represents waery
strong couplingoetweenv; andu; directions,eventhoughthe former are in model space and the
latter are in data space. Finally, the linkage between these vectors depesti®ugly onthe size
of the nonzero singular valug

8.1.3 Mapping Between Data and Model Space: An Example

One usefulway tographically represent the mapping back &odh between model and
data spaces is with the use of “stick figures.” These are formed by pkbigircpmponents of the
eigenvectors in model ardhta spacéor each model parametand observation as ‘stick,” or
line, whose length is given by the size of the component. These eamytbeslpful in illustrating
directions in model space associated with stability and instability, as well as directions in data space
where noise will have a large effect on the estimated solution.

For example, recall the previous example, given by

1.00 1.00gm O 2.000

.00 2.01HH,H F10H (7.79)

The singular values and associated eigenvectors are given by

A1 =3.169 andi; = 0.00316

[0.706 -0.7100]
VP =V =
H.709 0.704 H

and

[0.446 -0.8950]

Up=U =605 04461

(8.7)

From this information, we may plot the following figure:
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1~ 1 —
- s -
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FromVp, we see that; = [0.706, 0.709]. Thus, on the figure for;, the component along
my, is +0.706, while the component alamg is +0.709. Similarly, u; = [0.446, 0.895], and thus
the components alorty andd, are+0.446 and +0.895respectively. For v, = [-0.710, 0.704]
the components along; andm, are —0.710 and +0.70#dgspectively. Finally, theomponents of
u, = [-0.895, 0.446]alongd; andd, are —0.895 and 0.446, respectively.

These figuredllustrate, in a simplavay, the mapping back anfibrth between model and
dataspace. For example, theop figure showghat a unit length change in model space in the
[0.706, 0.709] directionwill be mapped byG into a change of lengtB.169 indata space in the
[0.446, 0.895] direction. A unit length change in data space along the [001865] direction
will be mapped byG-1 into a change of length/(3.169) = 0.316 irmodel space in the [0.706,
0.709T direction. This is a stable mapping back and forth, since noibe idata is dampeahen
it is mapped back into model space. The paibegveenv, and u, directions isless stable,
however, since a unit length change in data space parallglvidl be mapped back into a change
of length 1/(0.00316) = 317 paralleltg. Thev, direction in model spaceill be associatedvith
a verylarge variance.Sincev, hassignificant components along batty, andny, theywill both
individually have large variances, as seen in the unit model covariance matrix éathjgle, given
by

050,551 -50,154[

lcovum] =0 154 49,7531

(8.8)
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For a particular inversproblem, thesdéigurescan help oneinderstand botkhe directions
in model space that affect the data the leashast andthe directions in data space alowbich
noise will affect the estimated solution the least or most.

8.2 Including Prior Information, or the Weighted
Generalized Inverse

8.2.1 Mathematical Background

As we have seen, the generalized inverse operator is a very powerful operator, combining the
attributes of both leastquares andninimum length estimators.Specifically, the generalized
inverse minimizes both

ele=[d —dreT[d —drrf = [d —Gm]T[d — Gm] (8.9)
and m — <m>]T[m — <m>], where €n> is thea priori estimate of the solution.

As discussed in Chapter 3, however, it is useful to include as much prior information into an
inverse problem apossible. Two forms of priorinformation were included in weighted least
squares and weighted minimum length, and resulted in new minimization criteria given by

e'Wee =el[covd]-le = [d —Gm]T[cov d]-d —Gm] (8.10)
and
MTWym = [m — <m>]T[cov m]~m — <m>] (8.11)

where [covd] and [cov m] are a priori dataand modelcovariance matrices, respectively. It is
possible to include this information in a generalized inverse analysis as well.

The basic procedure is as follows. Fitsinsformthe problem into a coordinawystem
where the new datand model parameteeachhave uncorrelatederrors andunit variance. The
transformationsre based orthe information contained in thee priori dataand modelparameter
covariance matricesThen,perform a generalizethverseanalysis inthe transformed coordinate
system. This is the appropriate inverse operator because both of the covariance matrices are identity
matrices. Finally, transform everything back to the original coordinates to obtain the final solution.

Onemay assumehat the data covariance matrix [cdy is a positive definite Hermitian
matrix. This isequivalent toassuminghat all variances are positivand none ofthe correlation
coefficients are exactly equal f@us or minus one. Then the datacovariance matrix can be
decomposed as

[covd] = B Nd BT (8.12)
Nx N NxN NxN NxN

where/\q is a diagonal matrix containing the eigenvalues of fjandB is an orthonormamatrix
containing the associated eigenvectdssis orthonormal becaugeov d] is Hermitian,andall of
the eigenvalues are positive because {jaos positive definite.
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The inverse data covariance matrix is easily found as

[covd]-1= B NG BT (8.13)
N x N NxN NxN NxN

where we have taken advantage of the facBhstan orthonormal matrix. It is convenientvidte
the right-hand side of (8.13) as

B Ng BT =DT D (8.14)
NxN NxN NxN NxN NxN
where
D =N}?BT (8.15)
Thus,
[covd]-1 = DT D (8.16)

NxN NxN NxN

The reason forwriting the data covariance matrix terms ofD will be clear when we
introduce the transformed data vector. The covariance matrix itself eplessed in terms @
as

[covd] = {[cov d]-1}-1
= [DTD]—l
= D-YDT]-L (8.17)
Similarly, the positive definite Hermitian model covariance matrix may be decomposed as

[covm] = M Am MT (8.18)
MxM MxM MxM MxM

where/Am is a diagonal matrix containing the eigenvaluegcof’ m] and M is an orthonormal
matrix containing the associated eigenvectors.

The inverse model covariance matrix is thus given by

[covm]-1= M N MT (8.19)
Mx M MxM MxM MxM

where, as before, weavetaken advantage of the fact tihatis an orthonormal matrix. The right-
hand side of (8.18) can be written as

M AL MT = &7 S (8.20)
MxM MxM MxM MxM MxM
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where
S=NA}2MT (8.21)

Thus,
[com]-1= ST S (8.22)

MxM MxM MxM
As before, it is possible to write the covariance matrix in ternssasf
[covm] = {[cov m]-1}-1
= [STS]
=SSt (8.23)

8.2.2 Coordinate System Transformation of Data and Model Parameter
Vectors

The utility of D andS can now beseen as we introduce transformeata and model
parameter vectors. First, we introduce a transformed data deeator

d' =A7}?BTd (8.24)
or
d' =Dd (8.25)
The transformed model paramet&ris given by
m' =A}2MTm (8.26)
or
m’' =Sm (8.27)

The forward operatd® must also be transformed ir@®), the new coordinates. The transformation
can be found by recognizing that

G'm' =d' (8.28)
G'Sm=Dd (8.29)
or
D-1G'Sm=d =Gm (8.30)
That is
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D-1G'S=G (8.31)
Finally, by pre— and postmultiplying iy andS-1, respectively, we obtai@' as
G' =DGS1 (8.32)

The transformations back from the primed coordinates to the original coordinates are given by

d =BAY2d’ (8.33)

or
d =D-1d' (8.34)
m=MA2 m’ (8.35)

or
m = S1m’ (8.36)

and

G =BAY2G'AL2MT (8.37)

or
G =D-1G'S (8.38)

In the new coordinate system, the generalized inverse will minimize
éle = [d' —d'PeT[d' —d'Pe =[d' —G'm']T[d' —G'm’] (8.39)
and m']Tm’.
Replacingd’, m" andG' in (8.39) with Equations (8.24)—(8.32), we have
[d—G'M']T[d' —G'm'] = [Dd —DGS1Sm|T[Dd —DGS-1Sm)]

= [Dd —DGm]T[Dd —DGm]
={D[d —Gm]} {D[d —Gm[}
=[d-Gm]™D'D[d —Gm]
= |d —Gm]T[cov d]-4d —Gm] (8.40)

where we have used (8.16) to replBd® with [covd]-L
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Equation (8.40) showsthat the unweighted misfit in the primed coordinaistem is
precisely the weighted misfit to be minimized in the origew@rdinates. Thus, the leagjuares
solution inthe primed coordinateystem isequivalent to weighted leastjuares irthe original
coordinates.

Furthermore, using (8.27) far', we have
m'Tm’ = [Sm]TSm
=mTSTSm
=mT[covm]~-Im (8.41)
where we have used (8.22) to repl&E8 with [covm]-1.

Equation (8.41) shows that the unweighteidimum lengthsolution inthe newcoordinate
system isequivalent to the weighted minimulangth solution inthe original coordinateystem.
Thus minimum length in thaew coordinate system isquivalent to weighted minimurtength in
the original coordinates.

8.2.3 The Maximum Likelihood Inverse Operator, Resolution, and Model
Covariance

The generalized inverse operator in the primed coordinates cararisformed into an
operator in the original coordinates. We will show later that this factnthe maximum likelihood
operator in the case where all distributions are Gaussian. Let this inverse ope@jigr bend be
given by

Gux = [D1G'S)E
= S—l[G’]‘g1 D (8.42)
The solution in the original coordinat@syx, can be expressed either as
Mux = Gy d (8.43)
or as
Mpx = S-lmg'
:5—1[(;']—91 d’ (8.44)

Now that the operator has beexpressed irthe original coordinates, it igossible tacalculate the
resolution matrices and arposteriorimodel covariance matrix.

The model resolution matriR is given by

R=Gy% G
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={SG'l§ D} D-G'S}

=SG'{ G'S

=S1R'S (8.45)
whereR' is the model resolution matrix in the transformed coordinate system.

Similarly, the data resolution matiis given by
N = GGy
= {D-1G'S{ SYG'T¢ D)
=D-1G'[G']§' D
=D-IN'D (8.46)
Thea posteriorimodel covariance matrix [cod]p iS given by
[covm]p = Gt [covd][Gys |7 (8.47)
Replacing [cow] in (8.47) with (8.17) gives
[covm]p = Gyt DYDT]YG % 1T
={SGT¢ D}DYDT-{SYG']¢ D}T
=SG'T¢ DDYDT-IDH{[G']¢ }T[SYT
=SHGTFIGTG ST
=SYcovy m'][SYT (8.48)

That is, ara posterioriestimate of model parameter uncertainties can be obtaingdrsforming
the unit model covariance matrix from the primed coordinates back to the original coordinates.

It is important to realize that the transformations introduceld BgdSin (8.24)—(8.38) are
not, in general, orthonormal. Thus,

d' =Dd (8.25)
implies that the length of the transformed data vettt@, in general)not equal to the length of the
original data vectod. The function oD is to transformthe data space intane inwhich the data

errorsare uncorrelated anall observationshave unit variance. If the original datarrors are
uncorrelated, the data covariance matrix will be diagonaBafrdm
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[covd]-1= B Ng BT (8.13)
N x N NxN NxN NxN

will be an identity matrix. TheD, given by
D=Ag/2BT (8.15)
will be a diagonal matrix given byallz. The transformed dath are then given by
d' =A/2d
or
di' = di/ oy i=1,N (8.49)

where gy is the datastandarddeviationfor the ith observation. If the original datrrors are

uncorrelated, then each transformed observatigiven by theoriginal observation, divided by its
standarddeviation. Thdransformation in this casan be thought of aleaving thedirection of
eachaxis in data space unchangdaljt stretching or compressirgach axis,depending on the
standard deviation. To see this, consider a vector in data space represediiagiteThat is,

o
0
d= %)D 8.50
i (8.50)
This data vector is transformed into

(8.51)

That is, the direction of thaxis is unchanged, bthe magnitude is changed byod{. If the data
errors are correlated, then thexes indata space are rotat€dy BT), and then stretched or
compressed.

Very similararguments can bmade about the role & in model space.That is, if thea
priori model covariance matrix is diagontiden the directions of thiansformed axes imodel
space are the same as in the original coordinatesg,erp, . . . ,my), but the lengths are stretched

or compressed by the appropriate model parameter standard deviationseribrthare correlated,
then the axes in model space are rotatedABbybefore they are stretched or compressed.
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8.2.4 Effect on Model- and Data-Space Eigenvectors

This stretching and compressing of directionsdeta and model space affects the
eigenvectors as well. Lé&f be the set ofectorstransformed back intthe original coordinates
from V', the set of model eigenvectors in the primed coordinates. Thus,

V =Sy (8.52)

For example, suppose that [aoy is diagonal, then

vV =AL2y (8.53)
For v, theith vector inV, this implies
WO 00wV [
- O O l
Eb? 0=0m2"2 O (8.54)
oo g : 0d
b O

Ym G %ijVM 5

Clearly, for ageneral diagondktov m], Vi will no longer haveunit length. This igrue
whether or not [cown] is diagonal. Thus, igeneral, the vectors i are not unit lengtlvectors.
They can, of course, be normalized to unit lengthPerhapsmore importantly, however, the
directions of thev; havebeen changednd thevectors inV are no longer perpendicular ¢éach
other. Thus, the vectors M cannot be thought of as orthonorre@lenvectorsgven ifthey have
been normalized to unit length.

These vectors still play an important role in the inverse anah@igver. Recall that the
solutionmyx is given by

mux =Gy d (8.43)
or as
mux = SImg'
= 5—1[(3']—91 d’ (8.44)
We can expand (8.44) as

mux =S Ve [Ap]{Up]Dd
= VelAb ] Up]TDd (8.55)
Recall that thesolutionmyx can be thought of as a linear combination of the columns of
the first matrix in a product of several matrices [see Equations (2.15)—(2.21)]. This imgatitse

solutionmyx consists of a linear combination of the columns/gf. Thesolution is still ainear
combination of the vectors M p, even if theyhavebeen normalized to unit length. Thuép still
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plays a fundamental role in the inverse analysis.

It is important to realize that [cow] will only affect thesolution if P <M. If P = M, then
Ve =V', andVp spans all of model spaceV p will also sparall of solution space. In thisase,
all of model space can be expressed as a linear combination of the vedfgssewenthoughthey
are not an orthonormal set of vectors. Thus, the smtogionwill be reachedyegardless of the
values in [cowm]. If P <M, however, the mapping of vectdrem the primed coordinates back to
the original space can affect the part of solution space that is spanwed bye will return to this
point later with a specific example.

Very similar arguments can be made for the data eigenvectarsllasLet U be the set of
vectors obtained byransformingthe data eigenvectotd' in the primed coordinates back into the
original coordinates. Then

U =D-W' (8.56)
In general, the vectors id will not be either of unit length or perpendicular to each other.

The predicted datd are given by

a =G mMyx
= D—lG'SmMX
=D-1Up Ap VP Smyx
= UpAp Vp Sy (8.57)
Thus, the predicted data are a linear combination of the colunﬁhs. of

It is important torealize that theransformations introduced Kgov d] will only affect the
solution ifP <N. If P =N, thenUp =U’, andUp spans all of data space. The matdix will also
span all of data space. In this case, all of data space can be expressed as a linear combination of the
vectors inU p, even though they are not an orthonormal set of vectors. Thus, thescaia will
be reached, regardless of the values in ffjouf P < N, howeverthe mapping of vectorsom the
primed coordinates back to the original space can affect the peotutibn spacéhat isspanned
by Up. We are now in a position to consider a specific example.

8.2.5 An Example

Consider the following specific example of the foBm =d, whereG andd are given by

o 100 1000
“B.oo 200H
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[4.000]
d= 8.58
H5.00 )

If we assume fothe moment that tha priori dataand model paramet@ovariance matrices are
identity matrices and perform a generalized inverse analysis, we obtain

P=1<M=N=2

A= 3.162
_[9.707 0707
~H.707 -0.707H
0447 0.894[

U= H).894 —0.447H

, - [0:500 05007
~ H.500 0.500H

\ - 0:200 0.4000
" H.400 0.800H

_ [1.4000
Mo =4 400H

~  [2.80007

4= 1% 600
eTe=el[covd]-le= 1.800 (8.59)

The tworows (or columns) o6 are linearly dependent, atious the number of nonzero
singularvalues isone. Thusthe first column ofV (or U) givesVp (or Up), while thesecond
column givesVg (or Ug). The generalized inversmlutionmg mustlie in Vp spaceand is thus
parallel to the [0.707, 0.707Hirection in model spaceSimilarly, the predicted datd mustlie in
Up space, and is thysarallel to the [0.447).894] direction in dataspace. The model resolution
matrix R indicates thabnly the sum, equallyveighted, of themodel parametersn; andm; is
resolved. Similarly, the data resolution malMixndicates that only the sum @f andd,, with more
weight ond,, is resolved, or important, in constraining the solution.

Now let usassumehat thea priori dataand model parameteovariance matrices are not
equal to a constant times the identity matrix. Suppose

14.362 —2.052[]

leovdl=0) 052 156381
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and

23.128 5.1420

cov m] = 8.60
eV mI=Hs 14 108720 (8.60)
The data covariance matrix [cdycan be decomposed as
[cov d] = BA4BT
[0.985 -0.174]4.000 0.000[[0.985 0.1747 (8.61)

“H.174 0985 HF.000 16.000HF0.174 0.985H
4362 20520
~H2.052 15.638H

Recall thaB contains the eigenvectors of the symmetric matrix ftjov Furthermore, these
eigenvectors represent the directions of the major and rakes of an ellipse. Thus$or the
present case, the first vectorBn[0.985, 0.174], is the direction in data space of the miagis of
an ellipse having 4alf-length of 4. Similarly, thesecondvector inB, [-0.174, 0.983], is the
direction in data space of the magoiis of an ellipseéhaving lengthl6. The eigenvectors iBT
represent a 10° counterclockwise rotation of data space, as shown below:

16+

‘\dz

~16+4

The negative off-diagonal entries[cov d] indicate a negativeorrelation oferrorsbetwend; and
d>. Compare the figure above with figure (c) on page 23 of these notes.

The inverse data covariance [afjv can also be written as

[covd]-t=BAG BT
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=DTD (8.62)
whereD is given by
D =A}?BT (8.63)

_ 0492 0.0870]
= B0.043 0.2465

Similarly, the model covariance matrix [coy} can be decomposed as

[cov m] =MA M T

[0.940 -0.342[25.000 0.00010.940 0.342

=0 00 00 0 (8.64)
.342 0.940 §H0.000 9.000FF-0.342 0.940(

The matrixMT represents 20° counterclockwise rotation of time; andm, axes in model space.
In the newcoordinate system, tha priori model parameteerrors are uncorrelated anbave
variances of 2@nd 9, respectively. The major and miases ofthe error ellipse are along the
[0.940, 0.342] and [-0.342, 0.940]directions, respectively. The geometry of the problem in
model space is shown below:

20 -

20°

20 +

The inverse model parameter covariance matrix figp¥ can also be written as
“1=MA-IMT
[covm]-t=MA ;M

whereSis given by
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g=AL2gT
m
_ [0.188  0.068[] (8.66)
~Ho.114 03134

With the information inD andS, it is nowpossible to transforrs, d, andm into G', d',
andm’ in the new coordinate system:
G'=DGS™
_ 00492 0.087[11.000 1.000T#.698 -1.0260
~Ho0.043 0246H2.000 2.000HH.710 2.819H

| [#.26844 1194240
" 287739 0.80505H

and

d' =Dd
00492 0.08714.0000]
~Ho0.043 0.246H5.000H

(2403740
~ H.os736H (8:67)

In the new coordinate system, the data and model paracoetaiance matrices are identity
matrices. Thus, a generalized inverse analysis gives

P=1<M=N=2
A1 = 5.345

s - [9:963 02697
" H.269 09631

- (0829 -05590
“H559 0829

40149 0101
9 " H.042 0.028H

. [0.927 02590
~H.250 0.073H

\ - (0688 0.463
~ H.463 0.312H
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[0.46607

My = [.1300

i = [2.1430]
~ H.145H
[€]Te = [¢]T[cov d']-l¢ = 0.218 (8.68)

The resultsmay betransformed back tthe original coordinategysing Equation$8.34), (8.36),
(8.42), (8.45), (8.46), (8.52), and (8.56) as

, 0305 01670
MX 19173 0.004H

/\1 = 5.345

— ol
Myx =S Mgy

120540
~H.e3H
d=D"1d"
_ 32170
~ H6.434H
ele=2.670

[0.244 0.032[710.783

e'[covd] te=[0.783 _1'434]@-032 0.068F-1.4341

=0.218

o _[0870 07070
“H493 0707 H

- 047 04790
" H.894 08781

- 0639 06397
“H.362 0362H

0.478 0.2610

~Ross 05220 (8.69)

194



Geosciences 567: CHAPTER 8 (RMR/GZ)

Note thateTe = 2.670 forthe weighted case is larger than the misfé = 1.800 for the
unweighted case. This is to be expected because the unweightstimaiseproducéhe smallest
misfit. The weighted case provides an answer that gives weight to betteknown data, but it
produces a larger total misfit.

The U and V matrices werebtained by transformingach eigenvector in the primed
coordinate system into a vector in the original coordinates, and then scaling to unit lengthatNote
the vectors inJ (andV') are not perpendicular ®achother. Note alsdhat thesolutionmpyy is
parallel to the [0.870, 0.493irection in modebpacealsogiven by thefirst column of V. The
predicted datal is parallel to the [0.447).894] direction in data spac@jso given by thefirst
columninU.

The resolution matrices were obtained frhma primed coordinate resolution matriedter
Equations (8.45)—(8.46). Notbkat they are ndconger symmetrianatrices,but that the trace has
remained equal to oneThe model resolution matriR still indicates thabnly a sum ofthe two
model parameternsy, andnmy, is resolved, but now we séaat the estimate ah; is better resolved
than that ofm,. Thismay not seenmtuitively obvious,since thea priori variance ofm, is less
than that ofn;, and thusm, is “better known.” Becausam, is better known, the inversgerator
will leave m; closer to its prioestimate. Thuspn; will be allowed to varyfurther from its prior
estimate. Itis in this sense that the resolutiomyaé greater thathat ofm,. The dataesolution
matrix N still indicates that only the sum df andd, is resolved, or important, iconstraining the
solution. Now, howeverthe importance of théirst observationhas been increased significantly
from the unweighted case, reflecting the smaller varianad fmvmpared tal,.

8.3 Damped Least Squares and the Stochastic Inverse

8.3.1 Introduction

As we have seen, the presence of small singallaescauses significargtability problems
with the generalized inverse One approach is simply to setall singularvalues to zero, and
relegate the associated eigenvectors to thespaoes. Thignproves stabilitywith an inevitable
decrease in resolution. Ideally, the cutaadfuefor small singulavaluesshould be based on how
noisy the data are. In practice, however, the decision is almost always arbitrary.

We will now introduce a dampinigrm, the function ofwhich is to improve the stability of

inverse problemswith small singularvalues. Firsthowever, we willconsider anothemverse
operator, thestochastic inverse

8.3.2 The Stochastic Inverse

Consider a forward problem given by
Gm+n=d (8.70)
wheren is anN x 1 noise vector. It is similar to

Gm=d (1.13)
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except that we explicitly separatet the contribution ohoise tothe total data vectat. This has
some important implications, however.

We assume that both andn are stochastic (i.e., random variables, as described in Chapter
2, that are characterized by their statistmalperties) processesjth mean(or expected) values of
zero. This is naturdbr noise, but implieshat the meawalue must be subtracted fromll model
parameters. Furthermore, we assuth@ wehave estimatesfor the model parameter ambise
covariance matrices, [caow] and [covn], respectively.

The stochastic inverse is defined by minimizing #werage, orstatistical, discrepancy
betweerm andG¢ d, whereG¢ is the stochastic inversd.et G = L, and determind. by
minimizing

N
m - Z L, (8.71)

1=1

for eachi. Consider repeated experiments in wiichndn are generated. Let thegalues, on the
kth experiment, ben, andny, respectively. If there are a total @fexperiments, then weeekL

which minimizes
agd N f

1 K k
=N k- § Lidg (8.72)
a2

The minimum of Equation (8.72) is found by differentiating with respdgt tind setting it
equal to zero:

3 Ell ad N 70
LSS a0 (8.73)
oL
il % :15 =1 E E
or
2 k L kD k)
— [h] - L”dJ g_dl =0 (874)
202
This implies

1 q 1 g [N 0
- Z mkd|k = — Z %Z L”djde|k (875)
q =1 q =1 J:]_ E

The left-handside of Equation (8.75Wwhen takenoveri andl, is simply thecovariance
matrix between the model parameters and the data, or

[covmd] = <mdT> (8.76)
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The right-handside, again takeoveri and| and recognizinghat L will not vary from
experiment to experiment, gives [see Equation (2.42c)]

L[covd] = L<ddT> (8.77)
where [covd] is the data covariance matrixNote that [cov d] is not the same matriused
elsewhere in these notes. As used here,dt®va derived quantity, based on [coy and [covn].
With Equations (8.76) and (8.77), we can write Equation (8.75), takemn awel, as

[covmd] = L[cov d] (8.78)
or

L = [covmd][cov d]-1 (8.79)

We now need to rewrite [cal] and [covmd] in terms of[cov m], [cov n], andG. This is
done as follows:

[covd] = <ddT>
=<[Gm +n][Gm +n]T>
=G<mnT™> + GKMMT>GT + <amT>GT + <nn'> (8.80)

If we assumehat model parametemd noise errorgare uncorrelated, that is, thame™ = 0 =
<nmT>, then Equation (8.80) reduces to

[covd] = GKmmT>GT + <nnT>

=G[covm]GT + [covn] (8.81)
Similarly,
[covmd] = <mdT>
=m[Gm +n]T>
=mmT>GT + <mnT>
= [covm]GT (8.82)
if <mnT> = 0.

Replacing [cound] and [covd] in Equation (8.79) with expressions from Equations (8.81)
and (8.82), respectively, gives the definition ofgteehastic inverse operat@¢ as

G & =[covm]GT{G[covm]GT + [covn]} -1 (8.83)
Then the stochastic inverse solution, is given by

Mg = G_Sl d
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= [covm]GT[covd]-1d (8.84)

It is possible to decompoghe symmetric covariance matricgsovd] and [cov m] in
exactly the same manner as wiasie forthe maximum likelihood operatgEquations (8.14) and
(8.20)]:

[covd] = BAGBT = {BAY2H AY2BT} = D-YD-YT (8.85a)
[covd]-1=BA BT =DTD (8.85h)
[covm] = MAMT = {MAY2Y MAY2} = S1[SYT (8.85¢)
[com]-1=MAIMT =STS (8.85d)

where/\q and/\, are the eigenvalues of [cadyand [covm], respectively. The orthogonalatrices
B andM are the associated eigenvectors.

At this point it is useful to reintroduce a set of transformations based on the decompositions
in (8.85) that will transforna, m, andG back and forth between the original coordinate system and
a primed coordinate system.

m’ =Sm (8.86a)
d' =Dd (8.86b)
G' =DGS1 (8.86¢)
m =S1m’ (8.87a)
d =D-1d’ (8.87b)
G =D-1G'S (8.87¢)

Then, Equation (8.84), using primed coordinate variables, is given by
S-Img =[covm]GT[cov d]-Id

S-Imj = SYS-YT[D-1G'S|TDTDD-1d

= SYSYTSTG'IT[D-TDTd’ (8.88a)
but BYTST =1y
and D-YTDT =1y
and hence SImg =SYG']Td (8.88b)
Premultiplying both sides b§yields
ms = [G']"d’ (8.89)

198



Geosciences 567: CHAPTER 8 (RMR/GZ)

That is, the stochastic inverse in the primed coordisydem is simplythe transpose o6 in the
primed coordinate system. Ongeu havefound mg, you can transform back tahe original
coordinates to obtain the stochastic solution as

ms = S-Img (8.90)

The stochastic inverse minimizes tm ofthe weighted model parameter vecénrd the
weighted data misfit. That is, the quantity

mT[cov m]-Im + [d — d]T[cov d]-Yd — d] (8.91)

is minimized. The generalized inverse, or maximum likelihood, minimizesirmbtdually but not
the sum.

It is important to realize that the transformations introduced in Equations (8.85), while of the
same form and nomenclature #mse introduced irthe weighted generalized inverse case in
Equations (8.14) anfl.320), differ in an important aspeddamely, as mentioned after Equation
(8.77), [cowvd] is now a derived quantity, given by Equation (8.81):

[covd] = G[cov m]GT + [covn] (8.81)
The data covariance matrix [cal} is only equal tothe noise covariance matrix [con] if you
assumehat the noise, or errors, m are exactly zero. Thukefore doing a stochastinverse
analysis andhe transformationgjiven in Equations (8.85)[cov d] must be constructed from the

noisecovariance matrix [con] and the mapping of model parameter uncertaintigean m] as
shown in Equation (8.81).

8.3.3 Damped Least Squares

We are now ready to see how this applies to damped least squares. Suppose

[covm] = 02 Iy (8.92)
and
[covn] = &Z Iy (8.93)
Define a damping terre? as
g2 =02/02 (8.94)

The stochastic inverse operator, from Equation (8.83), becomes
G =GT[GGT + &l\]-1 (8.95)
To determine the effect of adding #¥eerm, consider the following

GGT = UpAZ U] (7.44)
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[GGT]-1 exists only whe® =N, and is given by
[GGT]-1=UpAZ U] P=N (7.45)

we can therefore writ6GT + £2| as

+ Tylo
GG' +£2 —[U ‘UO]D\P ¢ IP 5 0 %-T.';D (8.96)
eln-pYo
Nx N N x N N x N N x N
Thus
2 HyLo
[GGT+3 |] [U \uo %A +el 0 %T (8.97)
0 N-P O
Explicitly multiplying Equation (8.97) out gives
[GGT + &]-1 = Up[AZ + &2 p]- UL + Ug[e2 Inp]U] (8.98)

Next, we write out Equation (8.95), using singular-value decomposition, as
Gd =GT[GGT + &y]?
= {VpAPUL { Up[AZ + €21p]-1UL + Ug[e2lnp]U] }

/\p T

=Vp—5 P U
PN, T

(8.99)

sinceU], Ug = 0.

. Note the similarity between thetochastic inverse in Equati¢B8.99) andthe generalized
inverse

Gy =VeAp US (7.9)

The net effect of the stochastic inverse is to suppress the contributions of eigerwittsirsgular
values less than To see this, let us write olib / (A2 + €21p) explicitly:

O A 0 o O

(h2 ., o2 U

ite 0

Ap 0o A2 O
——Fs—=[ /\%4.52 0 (8.100)

Npt+eslp [ o U

O A,

O o 0 U

B Apte"Q
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If Aj >>¢, thenA; / ()\i2 + £2) - A7, the same as the generalized inversg; 4k ¢, then); / (/\i2
+ & - Aj /€2 - 0. The stochastiinverse, thendampens the contributions @igenvectors
associated with small singular values.

The stochastic inverse in Equation (8.95) looks similar to the minimum length inverse
Gyt =GT[GGT]! (3.58)
To see why the stochastic inverse is also called damped least squares, consider the following:

[GTG + &2 M]_lGT = {Vp[/\p2 + &2 p]_lvg + €2V0Vg K Vp/\pUg }

= {V[/\% + &2 p]_l}{ Vg Vp/\pU-FI,— }+ Fz\/ov-(l)— Vp/\pU-Pr

=VP;EfP§T;UT
=GT[GGT + &2l ]-L (8.101)
Thus
[GTG + & y]-IGT =GT[GGT + &2l y]1 (8.102)

The choice ofg?, is often arbitrary. Thusg? is often chosemrbitrarily to stabilize the problem.
Solutions are obtained for a varietysdf and a final choice is made based on the a posteraiel
covariance matrix.

The stability gainedvith damped leassquares is nobbtained withoutloss elsewhere.

Specifically, resolution degradesvith increased damping. To sdhis, considerthe model
resolution matrix for the stochastic inverse:

R=GZG

2
/\p T

=Vp——"—5—V 8.103
vl (8.103)

It is easy to se¢hat the stochastic inverse modekolution matrix reduces to trlgeneralized
inverse case whes? goes to 0, as expected.
The reduction in model resolution can be seen by considering the tface of

e
|
712 <P (8.104)
|

trace(R) = i
=1

Similarly, the data resolution matiXis given by

N=GG}{
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= pA—ZPUT (8.105)
No+elp ¢
trace(N) = i <P (8.106)

Finally, consider the unit model covariance matrix [ooN, given by
[coym] =G [GE]T

N3, -
=Vp——F->r—7=V 8.107
PN+ 2" ( )

which reduces to the generalized inverse case whed. The introduction of2 reduces the size
of the covariance terms, a reflection of the stability added by including a damping term.

An alternativeapproach to damped leasfuares isachieved byadding equations of the
form

em =0 i=1,2,...M (8.108)
to the original set of equations
Gm=d (1.13)

The combined set of equations can be written in partitioned form as

G
%mﬁn = %E (8.109)
N+M)xM N+M)x1

The least squares solution to Equation (8.109) is given by

1
_OoT, 18 My Mo
m—@G ‘eIM]m% SEMES
= [GTG + &2\ 1GTd (8.110)

The addition o2l insures a least squares solution bec&Isg + &£l will have noeigenvalues
less thare2, and hence is invertible.

In signal processing, the addition & is equivalent tcadding white noise tothe signal.
Consider transforming

[GTG + &2lyy] m =GTd (8.111)
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into the frequency domain as
[Fi (w) Fi(w) + IM(w) = Fj(w) Fo(w) (8.112)

whereFij(w) is theFourier transform ofhe inputwaveform tosomefilter, * representsomplex
conjugate,Fo(w) is the Fourier transform othe outputwave form from the filter, M(w) is the
Fourier transform ofhe impulseresponse ofhe filter,and €2 is a constant foall frequenciesw.

Solving form as the inverse Fourier transform of Equation (8.112) gives

410 R (W)Fy(w) O

MR k(W 21

(8.113)

The addition of2 in the denominator assures that the solution is not dominated byvsinell of
Fi(w), which can arise when the signal-to-noise ratio is poor. Because tiwen is added equally
at all frequencies, this is equivalent to adding white light to the signal.

Damping is particularlyuseful in nonlinear problems. In nonlineproblems, small
singular values can produgery large changes, or stemhjring the iterative process. These large
stepscan easilyviolate the assumption ofinearity in the regiorwhere the nonlinear problem was
linearized. In order to limit stegizes, are2 term can bedded. Typically, oneuses dairly large
value ofe2 duringthe initial phase ofthe iterative procedure, gradually letting? go to zero as the
solution is approached.

Recall that the generalized inverse minimizéd-[Gm]T[d — Gm] and mTm individually.
Consider a new functio to minimize, defined by

E=[d-Gm]T[d-Gm] + &mTm
=mTGTGmM —-mTGTd —dTGm +dTd + &mTm (8.114)
DifferentiatingE with respect tanT and setting it equal to zero yields
OE/omT =GTGmM -GTd +&m =0
or
GTG + &l yjm =GTd (8.115)

This shows why damped last squares minimized a weighted sum of the misfit and the length of the
model parameter vector.

8.4 Ridge Regression

8.4.1 Mathematical Background

Recall the least squares operator
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GTG]-IGT (8.116)
If the data covariance matrix [cayis given by
[covd] = o2l (8.117)
then the a posteriori model covariance matrix [egyvalso called the dispersion o, is given by
[covm] = iZGTG]-1 (8.118)

In terms of singular-value decomposition, it is given by

[covm] = 02VpAE VL . (8.119)
This can also be written as
D\—Z | ED/T
[cov m] = [v |v0] EM %D (8.120)

The total variance is defined as the trace of the model covariance matrix, given by
~ 1
trace [covm] = o? {trace[GTG] ™ =o? Z 2 (8.121)
which followsfrom the fact that the trace of a matrix is invariamider an orthogonal coordinate

transformation.

It is clear from Equatioif8.121)that the total varianceill get large as\; gets small. We
saw that the stochastic inverse operator

GL = [GTG + & y]-IGT = GT[GGT + &2l L (8.102)

resulted in a reduction of the model covariance (8.107fadmnthe addition ofe2 to each diagonal
entryGTG results in a total variance defined by

P 2
trace [cown] = o {trace [GTG +&I]-1} = o Zﬁ (8.122)
+&

Clearly, Equation (8.122) is less than (8.121) foea#t 0.

8.4.2 The Ridge Regression Operator

The stochastic inverse operator of Equat{8rl02) is alsocalled ridge regression for
reasons that | will explain shortly. The ridge regression operator is derived as follows. We seek an
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operatorthatfinds a solutiormgg that isclosest to the origirfas inthe minimum lengtrcase),
subject to the constraint that the solution lie on an ellipsoid defined by

Mrr—ms]T GTG [mrr—mis] = @ (8.123)
1x M M x M Mx1 Ix 1

wherem g is the leassquares solutiofi.e., obtained bysetting&? equal to0). Equation(8.123)
represents a single-equation quadratimiig.

The ridgeregression operat(ﬁﬁé is obtainedusing Lagrange multipliers. We form the
function

W(m)rr = Mkg MRR + M[Mrr—MLs]TGTG[Mrr—Ms] — @} (8.124)
and differentiate with respect mLR to obtain
Mgrr + AGTG[mrr—mg] =0 (8.125)
Solving Equation (8.125) fongg gives
[AGTG + Iy]mrr =AGTGmM_ g
or
Mrr = [AGTG + I y]"2AGTGm_ 5 (8.126)
The least squares solution s is given by
mis = [GTG]-1GTd (3.27)
Substitutingm s from Equation (3.27) into (8.126)
mkr =[AGTG +Iy]"1AGTG[GTG]-1GTd

= AGTG + I y]-2AGTd

101~ 1, Ohat
== G+=1 AG'd AZz0
/\53 A MB

T, 1, Oat
-7 +21,26Td 8.127
BTG+ g (8.127)

If we let 1A = €2, then Equation (8.127) becomes
Mgr = [GTG + &2l y]-1GTd (8.128)

and the ridge regression operaﬂg}{ is defined as
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Grt = [GTG + &y 1GT (8.129)

In terms of singular-value decomposition, the ridge regression op@'g&oris identical to
the stochastic inverse operator, and following Equation (8.99),

/\p UT

Grr =Vp 5 —
Ao+ €21 p

(8.130)

In practice, we determing (and thusA) by ftrial and error,with the attendantrade-off between
resolution and stability. Adefined,however, everghoice ofe2 is associateavith a particular g

and hence a particular ellipsoid from Equati@123). Changingg does notchange the
orientation of the ellipsoid; it simply stretches or contracts the major and minor axes. We can think
of the family of ellipsoids defined byarying €2 (or @) as a ridge in solutiospace, with each
particulare? (or @) being a contour of the ridge. We then obthim the ridgeegression solution

by following one of thecontours aroundhe ellipsoid until wefind the point closest to therigin,

hence the name ridge regression.

8.4.3 An Example of Ridge Regression Analysis

A simple example will help clarify the ridge regression operator. Consider the following:

2 Oomm O (80

o 1ffm,H B (8.131)

G m d

Singular-value decomposition gives

< C
T

I

< C

I

1
NN

o
o

(8.132)

>
T

I

>

I
= NIN
H
1

The generalized inver@‘gl is given by
Gy =VpAp Up

3 o0
= |1
2% 1%2

_3 o0 (8.133)
% 10

The generalized inverse solution (also the exact, or least squares, solution) is
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1,30
m s=G,d = (8.134)
LS g %H
The ridge regression solution is given by
~ A (80
Mgg = Grrd = Vp ——2— U}
RR RR P/\2p+52|p PBQH
o2 o U
= |2Eh+82 2@D
H 0 1 5 H]'E
1+¢
O 2 0 D@
_hig? [0
= (8.135)
B 0 1 2@%5
1+¢

Note that fore2 = 0, the least squares solutiorrésovered. Also, a8 — o, thesolution goes to
the origin. Thus, asxpected, theolutionvariesfrom the leassquares solution tthe origin as
more and more weight is given to minimizing the length of the solution vector.

We can now determine the ellipsoid associatéd a particularvalue of&2. For example,
let €2 = 1. Then the ridge regression solution, from Equation (8.135), is

016 O
O 20_3.20
o EL, :8428 o M2 (8.136)
R

i+ e?

Now, returning to the constraint Equation (8.123), we have that

my -4.00 @ O —40[

n,-400 B 1, —40f ®
or
Ay — 4.0 + (mp — 4.0% = @ (8.137)
To find ¢, we substitute the solution from Equation (8.136) into (8.123) and
4(3.2-4.6+ (20-4.0=q
or

® =6.56 (8.138)
Substitutingg, from Equation (8.138) back into (8.137) and rearranging gives
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(m-40)" | (mp-40)° _

=1.0 (8.139)
1.64 6.56
Equation (8.139) is of the form
(x=h)?, (y-K)* _
2 + 2 =10 (8.140)

which represents an ellipse centeredhak)( with semimajor and semiminor ax@andb parallel to
they and x axes, respectively Thufr the currentexample, thdengths of the semimajor and
semiminor axes ar2.56 andl.28, respectively. Thaxes ofthe ellipse are parallel to tm, and
m; axes,and the ellipse is centered (@ 4). Differentchoicesfor €2 will produce a family of
ellipses centered of#, 4), with semimajor and semiminor axesvrallel to them, and m; axes,
respectively, and with the semimajor axis always twice the length of the semiminor axis.

The shape and orientation of the family of ellipses follow compléteiy the structure of
the originalG matrix. The axes of the ellipse coincide withtiyeandm, axes because the original
G matrix was diagonal. If the origin® matrix had not beediagonal, theaxes ofthe ellipse
would have been inclined to then; and m, axes. The center of the ellipse, given by the least
squares solution, is, of course, both a functioB ahd the data vector

The graph below illustrates this particular problemsfor 1.

7.0+
6.0+ Least squares
solution
5.0+
4,4
m 4.0+
2 {1.64 = 1.28
3.0+
20l (32,20) 6.56 = 2.56
1.0+ Ridge regression
. ) . sollutionl )
1.0 2.0 3.0 4.0 50 6.0

It is also instructive to plot the length squared of the solutidm, as a function of2:
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35.0
30.04
25.0 4

. 2004

Im m|

15.04

10.0+

5.0 4+

0.0

0.0 5.0 10.0 15.0 20.0
g2
This figure showghataddinge2 dampsthe solution from leassquaresoward zero length as?

increases.

Next consider a plot of the total variance from Equation (8.122) as a funct@rfaf data
varianceg? = 1.

Tr[cov m]

Total Variance

The total variance decreases, as expected, as more damping is included.
Finally, consider the model resolution matgiven by
R= GrrG

2

Np VAl

P P
/\2P+£2Ip

(8.141)
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We can plot traceR) as a function o£2 and get

2.0+

15+

1.0+

trace( R)

0.5+

0.0 |
0.0 2.0

NN
o
o
o
o
o
|_\
o
o

For €2 = 0, we have perfect model resolution, with tra&Re{P =2 =M = N. As &2 increases, the
model resolution decreases. Comparing pluts of total varianceand thetrace of the model
resolutionmatrix, we seethat ase? increases, stability improves (totariancedecreasesjvhile
resolution degrades. This is an inevitable trade-off.

In this particular simpleexample, it ishard to choos¢he most appropriatevalue for &2
because, in fact, the sizes of the two singuddmesdiffer very little. In general, when tr@ngular
valuesdiffer greatly, theplots fortotal varianceandtrace R) can help ushooseeg2. If the total
variance initiallydiminishes rapidly and thevery slowly for increasinge?, choosinge? near the
bend in the total variance curve is most appropriate.

We haveshown in this sectiohow the ridgeregression operator is formed amolw it is
equivalent to damped least squares and the stochastic inverse operator.

8.5 Maximum Likelihood

8.5.1 Background

The maximum likelihood approach is fundamentally probabilistic in nature. A probability
density function (PDF) is created in data space that assigns a prolf{tijlity every point irdata
space. This PDF is a function thfe model parameterand hence?(d) may changewith each
choice ofm. The underlying principle of theaximum likelihood approach is fmd a solution
muyx suchthat P(d) is maximized at the observed daf®s Putanotherway, asolutionmyy is
sought such that the probability of observing the observed data is maximizédst #ought, this
may not seenvery satisfying. After all, in some sensthere is al00% chance that the observed
data are observed, simply because they are the observed data. Tise boitverthat P(d) is a
calculated quantity, which varies over dafmace as a function af. Put thisway, does itmake
sense to choosm suchthat P(d°b9 is small, meaning that the observed data are an unlikely
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outcome of some experiment? This is clearly not id€ather, itmakes moresense to choosa
such thaP(dobs is as large as possible, meaning that you have found fan which the observed
data, which exist with 100% certainty, are as likely an outcome as possible.

Imagine a very simple example with a single observation whheis Gaussiamwith fixed
mean <> and avarianceo 2 that is afunction of some modglarametem. Forthe moment we
need not worry about hom affects o 2, other than taealize that asn changes, sa@oeso 2.
Considerthe diagrambelow, wherethe vertical axis is probability, and the horizontalxis is d.
Shown on the diagram adéPs the observed datumgss, the mean value for the Gaussi(d); and
two differentP(d) curves based on two different variance estimafesindo? , respectively.

P(d) —m

<d> dObS d_»

The area under bo®(d) curves is equal tone,since this represents integratiR¢d) over
all possibledata values. The cunfer 012 , whereag? is small, issharply peaked atck, but is
very small atiobs  In fact,doPSappears t0 be severallstandard deviatioinem <d>, indicatingthat
dobsis a very unlikely outcomeP(d) for 022 , on the othehand, isnot as sharply peaked at>
but because theariance is largeiR(d) is larger at the observetitum,doPs You could imagine
letting o2 get very large, in which case values far fradr would haveP(d) larger tharzero,but no
value ongd) would be venjarge. Infact, you could imagineP(doP9 becoming smaller than the
case foros . Thus, the object would be t@ry m, and hencer?, suchthat P(d°b9) is maximized.
Of course, for this simplexample wehavenot worried about the mechanics of findimy but we
will later for more realistic cases.

A secondexample,after one near the beginning Menke’s Chapter 5, is alsorery
illustrative. Imagine collecting aingle datumN times in the presence @aussian noise. The
observed dataectord®bs hasN entries and hence lies in Akdimensionaldataspace. You can
think of each observation agandomvariable with thesame meand> andvariancec 2, both of
which are unknown. The goal is to find>andg?2. We can cast this problem in damiliar Gm
=d form by associatingh with <d> and noting tha® = (IN)[1, 1, . . . , 1]. Consideithe simple
case wher@&l = 2, shown on the next page:
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dz2 A

Up
Uo

dobs

-
ap

The observed datifPSare a point in the;d, plane. If we do singular-value decomposition@n
we seemmediately that, in generdllp = (1/ JN)[, 1,..., 1], and for ourN= 2 caseUp =
[1/~2, U+2]T, andUp = [-1/1/2, 1/N2]T. We recognlze 'thatll predicted datanust lie in Up
space, which is a single vector. Every choicenof <d> gives apoint on the lined; =d, = ... =
dn. If we slide <> up to the poin@ on the diagram, we see that all the misfit Iieymspace, and
we have obtained the least squares solutiondsr sAlso shown on the figure are contoursPgd)
based oro2. If o2 is small, thecontourswill be close togetherand P(d°P will be small. The
contours are circular because the variance is the same falj eddtrN = 2 casehas thuseduced
to the one-dimensional case discussed on the previous page, where someovaludlahaximize
P(d°obs. Menke (Chapter 5) shovilsat P(d) for the N-dimensional caswith Gaussian noise is
given by

0
p(d):w S Z(d - <d >)2§ (8.142)

whered; are the observed data ardb<ando are the unknown model parameters. $blkition for
<d> andois obtained by maximizing(d). That is, thepartials ofP(d) with respect to &> ando
are formed and set to zero. Menke shows that this leads to

N
1
<d>®==N d .
N z , (8.143)
1=1
D]_ N dlz
o = g_z(di - <d »?20 (8.144)
E?Q 1=1

We see thata@> is found independently @f, and this showsvhy the leassquares solutiofpoint
Q on the diagramyeems to be founthdependently ofc. Now however Equation (8.144)
indicates thatestwill vary for different choices of&> affectingP(doPs.

The example can be extended to the general\@atard case where th&aussian noise

(possibly correlated) id is described by the data covariance mdtov d]. Then it ispossible to
assume tha®(d) has the form

Pd) O exp{—li [d —Gm]T[cov d]-}d —Gm]} (8.145)
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We note that the exponential in Equati@145) reduces tthe exponential in Equatiof8.142)
when [covd] = g2, andGm gives the predictedata, given by e&>. P(d) in Equation(8.145) is
maximized whend — Gm]T[cov d]-}d — Gm] is minimized. This is, of course, exactlyvhat is
minimized in the weighted leastjuares [Equations (3.59) and (3.60)] amelghted generalized
inverse [Equation (8.10)] approaches. We wgake the verymportant conclusioithat maximum
likelihood approaches arequivalent to weighted leasquares omveighted generalized inverse
approaches when the noise in the data is Gaussian.

8.5.2 The General Case

We found inthe generalized inverse approdtiat wheneverP < M, the solution is
nonunique. The equivalent viewpoint with the maximum likelihood approatiati®(d) does not
have awell-defined peak. Inthis case,prior information (such asminimum lengthfor the
generalized inverse) must be added. We can thidRBfand[cov d] as prior informatiorfor the
data, which we could summarizeRgd). The prior information about the model parameters could
also be summarized &s(m) and could take the form of a prior estimate ofgbkition <> and a
covariance matrix [com]a. Graphically (after Figur&.9 in Menke) youcan represent thpint
distributionPa(m, d) = Pa(m) Pa(d) detailing the prior knowledge of data and model spaces as

contours of

7 amad)

<m>

where R(m, d) is contoured abouti?bS <m>), the mostlikely point in theprior distribution. The
contours are not inclined to the modeldataaxes because we assuthat there is no correlation
between our prior knowledge dfandm. As shown, the figure indicatésssconfidence in f>
than in the data. Of course, if the maximum likelihood appreash applied toPa(m, d), it would
return €oPS <m>) because there has not been any attempt to include the forward p&hlerd.

Each choice om leads to a predictedata vectodP™e. In the schematic figure on the next
page, the forward proble@®m =d is thus shown as a line in the model space—data space plane:
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dobs_
d pre—

mest <m>

The maximum likelihood solutiomeéstis the point where the(d) obtains its maximum value along
theGm =d curve. Ifyouimagine thatP(d) is veryelongated along the model-spawas, this is
equivalent tosayingthat the data are known much better thanpher model parameter estimate
<m>. In this casePrewill be very close to the observed ddf®S but the estimatesolution mest
may be venfar from <m>. Conversely, ifP(d) is elongated along the dadais, then thedata
uncertainties are relatively large compared to the confidencan andmestwill be close to #>,
while dP'® may be quite different fromiobs

Menke also points out that there may be uncertainties in the theoretical forward relationship
Gm =d. These may be expressed in terms oNanN inexact-theorycovariance matrix [coyg].
This covariance matrix deserves some comment. As in any covariance matrix of sesmgkg.,
d, m, or G), the diagonal entries axv@ariancesand the off-diagonal terms are covarianc&¥hat
does the (1, 1) entry of [ca} refer to, however? It turns out to be the variance ofiteeequation
(row) inG. Similarly, each diagonal term in [cg)refers to an uncertainty of a particular equation
(row) in G, and off-diagonal terms am®variances betweeows inG. Each row inG timesm
gives a predicted datum. For example, the first ro® tinesm givesd’®. Thus darge variance
for the (1, 1) term in [cog] would imply that we danot have much confidence in théheory’s
ability to predict the first observation. It is easy to see that this is equivalent to saying that not much
weight should be given to the first observation. We will see, then, thag][ptays a role similar to
[covd].

We are now in a position to give the maximum likelihood ope(agjg in terms ofG, and
the data ([cow]), model parameter ([caw]), and theory ([co]) covariance matrices as

Gyx = [covm]-1GT{[cov d] + [cov g] + G[cov m] -1GT}-1 (8.146a)

= [GT{[cov d] + [cov g]} ~1G + [covm]~1]-1GT{[cov d] + [covg]}~1 (8.146b)

where Equations (8.146a) and (8.146b)exqeivalent. There are sevepaints tomake. First, as
mentioned previoushfcov d] and[cov g] appeareverywhere as pair. Thus, théwo covariance
matrices playequivalentroles. Second, if we ignorell of the covariance information, veeethat
Equation (8.146a) looks like T[GGT]-1, which is the minimum Iength operator. Third, if we again
ignore all covariance informationEquation(8.146b) lookslike [GTG]-1GT, which is the least
squares operator. Thus, we see that the maximum likelihood operator wawdsk assome kind

of a combined weighted least squares and weighted minimum length operator.
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The maximum likelihood solutiomyx is given by

<m> + Gy% [d —G<m>] (8.147)

Mpx

<m> + Gk d — Gk G <m>

Gyk d+[l =Rl <m> (8.148)

whereR is the model resolution matrix. Equation (8.148) explicitly shows the dependenggyof
on the prior estimate of the solutioms. If there is perfect model resolution, tier I, andmpx

is independent ofm>. If theith row ofR is equal to théth row of the identitymatrix, then there
will be no dependence on thk entry inmyx on theith entry in <n>.

Menke points outthat there are severateresting limiting cases forthe maximum
likelihood operator. We begin by assuming some simple forms for the covariance matrices:

[covg] = aé In (8.149a)
[covm] = 021y (8.149b)
[covd] = 0§ In (8.149c)

In the first case we assurrtbat the dataand theory are much better known than> In the
limiting case we calassumead = g5 = 0. If we dothen Equatior(8.146a) reduces tGQX
GT[GGT]-, the minimum length operator. If we assume that fopstill has somestructure, then
Equation (8.146a) reduces to

Gy = [covm]-1GT{G[cov m] ~1GT} (8.150)

the weighted minimum length operator. If we assume onlw&flandag are muchlessthan .2
and that 1b2 goes to Othen Equation(8.146b) reduces t6,, [GTG]-1GT, or the Ieast
squares operator It isportant to realize thatdTG]~1 only eX|stswhen P=M, and GGT]-1
only existswhenP = N. Thus, either form, or both, may fail to exidepending onP. The
simplifying assumptions abou:tg, o2, and an% can thusbreak down thesquivalence between
Equations (8.146a) and (8.146b).

A secondlimitmg caselnvolves assuming naonfidence in elthe(or both) the data or
theory. Thatis, we lef and/org? go to infinity. Then we sethat G,,x goes to0 andmyyx =
<m>.  This makes sense if we realize that we have assumed the dasseﬁaas (and/dhe theory),
and hence we do not have a useful forward problem to move us away from our prior estimate <

We haveassumed imderiving Equations (8.146a) and (8.146lat all of the covariance
matrices represerbaussian processes. In tlisse, we havashown that maximum likelihood
approachesvill yield the samesolution asweighted leassquares B = M), weighted minimum
length @ = N), or weighted generalized inverse approaches. If the probability density functions are
not Gaussian, themaximum likelihood approaches cartead to differentsolutions. If the
distributions are Gaussian, however, tladirof the modifications introduced in Sectiéh?2 for the
generalized inverse can be thought of as the maximum likelihood approach.
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CHAPTER 9: CONTINUOUS INVERSE PROBLEMS
AND OTHER APPROACHES

9.1 Introduction

Until this point, we have only considered discretéwerse problems, either linear or
nonlinear, that can be expressed in the form

d=Gm (1.13)

We now turn our attention to another branch onverse problems, calledontinuousinverse
problems, in which at least the model parameter vettor replaced by @&ontinuousfunction, and
the matrixG is replaced by an integral relationship. The general case of adm&aruousinverse
problem involving continuousdata and a continuousnodel function isgiven by aFredholm
equation of the first kind

g(y) = I k(x, y)m(x)dx continuous data g(y) (9.1)

where the datg are a continuous function of some variahlthe modein is a continuous function
of some othewariablex, andk, called the data kernel @reen’sfunction, is a function oboth x
andy.

In most situationsglata arenot continuous, but rather are a finite sampkeor example,
analog (continuous) seismic data is digitized to become a finite, discrete data tedt.cdsevhere
there aréN data points, Equation (9.1) becomes

g = J‘kj (x)m(x)dx discrete data, j =1, N (9.2)

One immediate implication of a finite dataet of dimensionN with a continuous (infinite
dimensional) model is that tle®lution is underconstrained, and if there is any solutifx) that
fits the data,therewill be aninfinite number ofsolutionsthatwill fit the data as well.This basic
problem of nonuniqueness was encountered before for the discrete problenminitingm length
environment (Chapter 3).

Given that all continuous inverse problemith discrete data are nonuniqud almost all
real problemshave discretedata, the goals of a continuougwverse analysiscan be somewhat
different than a typical discrete analysis. Three possible goals of a continuous analysis include: (1)
find a modelm(x) thatfits the datag;, also known asonstruction (2) find unique properties or

values of allpossible solutionshat fit the data by taking linear combinations of ttaa, also
known asappraisal and (3) findthe values obther linear combinations of the modeding the
data g, also known asnference (Oldenburg, 1984). There are many parallelgnd some
fundamental differences, between disciatel continuousnversetheory. Forexample, wehave
encountered the construction phase beforaliscrete problemghenever waised someperator
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to find a solutionthat best fitsthe data. The appraisphase is mossimilar to an analysis of
resolution and stability analysfer discrete problems. Whavenot encountered the inference
phase before. Emphasis in this chapter on continuous inverse pretilebgson the construction
and appraisal phases, and the references, espéldiynburg [1984]can beused for further
information on the inference phase.

The material in this chapter is based primarily on the following references:

Backus, G. E. and J. Kilbert, Numerical application of a formalisfor geophysicalinverse
problemsGeophys. J. Roy. Astron. Sd3, 247-276, 1967.

Huestis, S. P., An introduction to linear geophysical inverse theory, unpublished manuscript, 1992.

Jeffrey, W., and R. Rosner, On strated@sinverting remotesensingdata, Astrophys. .J 310
463-472, 1986.

Oldenburg, D. W., An introduction to lineaarverse theorylEEE Trans. GeosRemote Sensing,
Vol. GE-22, No. 6, 665674, 1984.

Parker, R. L., Understanding inverse thedmn. Rev. Earth Planet. S&, 35-64, 1977.

Parker, R. L.Geophysical Inverse Theoiigrinceton University Press, 1994.

9.2 The Backus—Gilbert Approach

There are a number of approaches to solving Equatfhdy or (9.2). Thischapterwill
deal exclusively witrone approach;alled theBackus—Gilbert approackwhich was developed by
geophysicists in the 1960's. This approach is based on takimeaacombination of the da,

given by

%or,gJ iaj‘rkj(x)m(x) dx

1=1 1=1

I ? (x)Gn(x) dx (9.3)

where theaj are as yet undefineconstants. The essence of the Backus-Gilbert approach is
deciding how the;'s are chosen.

If the expression in square brackefsajkj(x)], hascertain special properties, it possible
in theory to construct a solution from the linear combination of the data. Specifically, if

LN 0
ajk; (X)B: S(X = X%g) (9.4)
=1 [l

whered(X —Xg) is the Dirac delta function &g, then
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[IN ]
1(Xo) = a;(Xo)9; C= [5(x — xo)m(x) dx =m(xg) (9.5)
2,009

That is, choosing thej suchthat [} ajkj(x)] is as much like a deltunction as possible ab, we
can obtain an estimate of thelution atxo. Theexpression ¥ ajkj(x)] plays such dundamental
role in Backus—Gilbert theory that we let

N

Za,-kj (X) = A(X, %) (9.6)

=1

whereA(x, Xp) hasmany names in théterature,including averagingkerne| optimal averaging
kerne| scanningfunction andresolving kernel. The averaging kernél(x, xo) may take many
different forms, but in general is a function which at least peaksees shown below

A, xq)

! —

Recall from Equation (9.8@jat the averaging kernélx, xo) is formed as a linear function
of a finite set of data kernelg  An example of a set of three data kerkets/er the interval 0 x <
4 is shown below

One of the fundamental problems encountered in the Backus-Gilbert apprdaahtie finite set

of data kernelg; ,j = 1,N is an incomplete set of basis functions from which to construct the Dirac
deltafunction. You may recallfrom Fourier analysis,for example, that apike (Diracdelta)
function in the spatial domaimas awhite spectrum in the frequen@omain, which implies that it
takes an infinite sum of sin and cosine terms (basis functions) to corts&rgpike function. It is
thus impossible for the averaging kerAét, xg) to exactly equal the Diragelta with a finiteset of

data kernels;.
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Much of Backus—Gilbert approach thus comes down to deciaingoest tomakeA(X, Xp)
approach aeltafunction. Backus and Gilbert definddree measures dhe “deltaness” of
A(X, Xg) as follows

J= I [A(x, %0) = 8(x = x0)] “clx (9.7)
K =12 I (x—X0) [ A(X, Xo) = 3(x— )| “dx (9.8)
W =I %(x - Xg) —J'A(x, xo)dxgdx (9.9)

0 0

whereH(x —Xg) is the Heaviside, or unit step, functiorxat

The smallerd, K, or W is, themore the averaging kernapproaches thedelta function in
some sense. Consider first teriterion:

K =12 I {(x = %0) [ A%, X)]” = 2(% = X0)2 A(x, %0)3(X =) +(x =X0)?[ (X ~X0)] 2} o
(9.10)

The second and third terndsop outbecauseXx — Xg) is nonzero onlywhenx = xg, and then the
(X —xg)2 term is zero. Thus

K = 12J’ (x = %0) A, xo)]zdx

ON ;
:12I (x—xo)ziajkj (X)de (9.11)

We minimizeK by taking the partials with respect to dés and setting them to zero.

CIN [l
%=12J' g(x—xo)2 2§ajkj(x)gq(x)§dx=o
1 = |:|
N
=24% aj[ (x=%0) K (x)kj(x) dx =0 (9.12)
12:1 JJ. ]

Writing out the sum ovgrexplicitly for theith partial derivative gives
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x Q’ (x —xo)zlq(xm(x)dxgm ‘ Q‘ (x- xo)zmx>k2(x)dxng T

+§ (x = %)k (X)kN(x)dx%}N =0 (9.13)

Combining theN partial derivatives and using matrix notation this becomes

O - - O
O (x=x0)?kikydx [ (x=x0)?kgkp dx -+ [ (x =x0)?kgky X
J J QP 0 00
- O
(ol [ (x-xoftlede - [ (x=xol ko D25 7
4 . . D O do  (9.14)
: . : 0 N
g(x x0) kg X [ (X =x0)?kko dx -+ [ (x=x%0)*kykn dx D%’ND L
N x N Nx]_ N x1
or
Ba =0 (9.15)

Ba =0 has the trivial solutiom =0. Therefore, we add the constrainith Lagrange multipliers,
that

I A(X, Xo) dx =1 (9.16)

which saysthe areaunderthe averaging kernel isne, or thatA(x, Xg) is a unimodular function.
Adding the constraint to the originélcriterion creates a new criterish given by

K'= 1zj (x = %) [ A(X, Xo)]% dx + A %‘A(x, xo)dx%— 15 (9.17)
0 O

which leads to

524.[ (X = Xo) P kaky dX -+ 24J’ (x—xo)zklkNdx J'klde
0 . .

Q0 00
e o
%4I (X = X0)?kyky OX - 24J’ (x~- xo) Knkn 0X J’kNd%@,ND 00 (9.18)
= d HH
E J'kldx IkNdX 0 E

(N+1) x(N +1)

or
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Do 00

CHA AR (9.19)

Then thegj's are found by inverting the square, symmetric mairix

The factor of 12 in the original definition &' was added tdacilitate the geometrical
interpretation oK'. Specifically,with thefactor of 12 includedK’ = € if A(x, Xp) iS a unimodular
(i.e.,JA(X, Xp) dx= 1) box car of widtre centered onxy. In gerneral, wheK' is small, it isfound
(Oldenburg, 1984, p 669) thidt is a good estimation of thadth of the averaging functioA(X, Xo)
at half itsmaximumvalue:“Thus K' gives essential informaticeioout the resolving power of the
data.” IfK' is large,then the estimate of trelutionm(x) will be asmoothedaverage of the true
solution aroundxp, and thesolution will have poor resolution. Ofourse,you can also look
directly atA(x, Xp) and get much the same informationA(x, Xo) has a broad peak arourgl, then
the solution will be poorly resolved in that neighborhood. Features of the sohftjonith a scale
length less than the width &{(x, xp) cannot be resolved (i.e., anenunique). Thus, on the figure
below, the high-frequency variationsmx) are not resolved.

\/\/\J\

- m (X)

| >

Xo N

The analysis of the averaging kernel above falls within the appraisal phase of the possible goals of a
continuousinverse problem. Sincany solution to Equatio9.2) is nonunique, often times the
most important aspect of the inverse analysis is the appraisal phase.

The above discussion does not inclpassibledataerrors. Withoutdata errorsinverting
C to get theaj's givesyou the solution. Even if C is nearly singular, then excefpr numerical
instability, onceyou havethe aj's, youhave asolution. If, however,the data contain noise, then
near-singularity oC can cause large errors in the solution for small fluctuations in data values.

It may help to think of the analogy betwdeand thekth row of G in the discrete casém

=d. Then
N

A(X, Xg) = ) ajk;

is equivalent tdaking somdinear combination of theows of G (which areM-dimensional, and
therefore represent vectors in model space) and trying to nake-aector aglose as possible to

a row of the identity matrix. If there is a near-linear dependency of ra@stien the coefficients

in the linear combination will get large. One can also speak of the near interdependenaiataf the
kernelsk(x), j = 1,N in Hilbert space. If this is the case, then terms|lilg dx can be large, anG

will be nearly singular. This will lead targe values forr as it tries to approximat&x — Xg) with

a set of basis functions (kernelg)thathavenear interdependence. Another exangises in the
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figure after Equatiorf9) with three dat&kernelsthat are alhearly zero ak = 3. It is difficult to
approximate a deltéunction nearx = 3 with a linearcombination of the data kerneland the
coefficients of that linear combination are likely to be quite large.

You can quantify the effect of the near singularit{dfy considering the data to have some
covariance matrix [cod]. Then the variance of your estimate of the solutifx) atxg is

o O
> 2
om(xo):[al a, - aN][covd]D: = (9.20)

g

and if
b2 0 o0
DO 52 O
-0 2 U
[covd] 0: 0D
0 , 0
g0 0 onE
then
N
Oy = ) Aj0] (9.21)

1=1
[See Oldenburg, 1984, Equation (18), p. 670, or Jeffrey and Rosner, Equation (3.5), p. 467.]
If om(x,) Is large, the solution is unstable. We now have two conflicting goals:

(1) minimizeK'
versus (2) minimizey m(x,)

This leads tdrade-offcurves of stability (smalbm(xo)) versus resolving power (sm#l). These
trade-off curves are typically plotted as (next page)
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large 1~ successively throwing
i Kaway larger o /8
X
~E *
g, 4 optimal
o * /
best stability *
\small + * *
J I
! T
best resolving —»~ Small large
power scanning width ( K') —

Typically, one gains a lot of stability without too much loss in resolving power early on by throwing
away the largest (fewgj's.

Another way to accomplish the same goal is calfgttral expansioor spectral synthesis
With this technique,you do singular-value decomposition 0@ and start throwingaway the
smallest singular values and associated eigenvectors until the error amplification (ug,, XI gis
sufficiently small. In eithecase,you give upresolving power to gain stability. Smail singular
values, orlarge qj, are associatedith high-frequency components of teelutionm(x). As you
give upresolvmg power to gain stability, tHevidth” of the resolving kernel increases. Thus, in
general, thenarrower the resolvingernel, the better theesolution but thepoorer the stability.
Similarly, the wider the resolving kernel, the poorer the resolution, but the better the stability.

The logic behind the trade-oHfetweenresolution and stability can be looked at another
way. With thebest resolving poweyou obtain thebestfit to the data in thesense ominimizing
the difference between observadd predicted dataHowever, ifthe data are known to contain
noise, then fitting the data exactlyr toowell) would imply fitting the noise. It does notake
sense to fit the data better than the data uncertainties in this casean\Weantifythis relation for
the case in which the datrorsare Gaussian andincorrelatedwith standarddeviation gj by

introducingy?

N
= z -§;) 2/0 (9.22)

J:

where g; is the predictegth datum, which depends on the choicerofx? will be in the range G

X2 < oo, If)(2 = 0, then the data are fit perfectly, noise includedy?it N, then the data are being
fit at about the one standard deviation level.x4f>> N, then the data are moorly By using the
trade-off curve, orthe spectrakxpansionmethod,you affect the choice ofoj's, andhence the
predlctedzdatag and ultimately the value gf. Thus the best solution is obtalned by adjusting the
aj until 2=
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Now reconsider thé criterion:

J =I [A(x, o) = (x —xo)| *dlx

:I [AZ(X’ Xo) — 2A(X, X0)3(X —Xg) + 6% (X —Xo)| dx (9.23)

Recall that for the K criterion, the second and third terms vanished becauseetbayultiplied by
(x—xXg)?, which is zero at thenly place theothertwo terms are nonzero because of &ve— X)
term. With theJ criterion, it is minimized by taking partiderivatives withrespect taa; and setting
equal to zero. ThAZ(x, Xg) terms are similar to th€ criterion case, but

N
P o0 s
[ 220 s 2 0 3 ki 0950 x)

(9.24)
= 2[ ki (2(x = o) = =2k (%o)
Thus the matrix equations from minimiziddpecome
0 - - [
0 ki kikp -+ kikn O
B[ J J ! B [Ki(Xo) E
ik ke [hoky E%{z 0o 2%2(?‘0)5
o Y T gmo o oo (9.25)
o : . 0 O ( )D
gklkN szkN -kaNE%’ND %N Xo)O
NxN N x1 N x1
or
Da =X (9.26)

Notice now thax =0 is not a trivial solution, as it was in the case ofKheriterion. Thus, we do
not have to use Lagrange multipliers to add a constraint to inswmstravial solution. Also, notice
thatD, the matrix that must be inverted to fied no longer depends og, and thusheed only be
formed once. This benefit is often sacrificed by addigconstraint thad(x, xg) be unimodular
anyway! Then thax’s found no longer necessarily gimg€Xo) corresponding to a solution gf =
Jkiym(x) dx at all, but this may be acceptablegdur primary goal is appraisal of the properties of
solutions, rather than construction of one among many possible solutions.

The J andK' criteria lead to differenta. The J criterion typically leads to narrower
resolving kernels, but often at the expenseedativeside lobes. These side lobes confuse the
interpretation ofA(X, Xg) as an “averaging” kernelThus, most ofterthe K’ criterion is usedeven
though it leads to somewhat broader resolving kernels.
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9.3 Neural Networks

Neural networkspased loosely on models tfe brain and datinfrom research in the
1940s (longbefore theadvent ofcomputers)have become verysuccessful in avide range of
applications,from pattern recognition (one tfie earliest applications) to aerospace (autopilots,
aircraft control systems), defense (weapon steering, signal processitgglainment (animation
and other special effects), manufacturing (quaagtrol, product design)medical (breastcancer
cell analysis, EEG analysis, optimization of transplaintes), oil and gas (exploration),
telecommunications (image and data compression), and speech (speech recognition) applications.

The basic idedehind neural networks is to desigrsystem,basedheavily on a parallel
processing architecture, that can learn to solve problems of interest.

We beginour discussion oheural networks by introducing theeuron model, which
predictablyhas a number ohames, including, of courseeurons but alsonodes units and
processing elemen{PESs)

Neuron
Input Output
W
P——» @)

where theneuron sees sonieput P coming, which is weighted by before entering th@eeuron.

The neuron processes this weighted inpBtvand creates an outpOt The output of th@euron

can take many forms. In early models, the output was always +1 or —1 because the neural network
was beingused forpattern recognition. Today, this neuronmodel is stillused(called the step
function, or Heaviside function, among other things), but other neuron models have thequaput

to the weighted input to theeuron(called the linear model) amEerhapshe most common oéll,

the sigmoid model, which looks like

“““““ po—
0.0
0.0 X ——

often taken to bgiven by S(x) = 1(1 +eX), wherex is the weighted input to theeuron. This
model has elements of both the linear and step function but has the advantage stegr filvection
of being continuously differentiable.

So, how is the neuron model useful? It is usbédause, like the brain, tineuroncan be
trained and can learn from experiend&hat it learns isw, the correct weight tgive the input so
that the output of the neuron matches some desired value.

As an almost trivial example, let us assume that our neuron in the digove behaves as a

linear model, with the output equal to the weighted input. We train the neuron to learn thewcorrect
by giving it examples of inputs and output that are true. For example, consider examples to be
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input= 1 output= 2
10 20

-20 -40

42 84

By inspection we recognize that= 2 is the correcsolution. However, ingeneral we start
out not knowing whatv should be. We thusegin by assuming it to be somamber,perhaps 0,
or as is typically done, some random number. Let us assunvetHafor our example. Then for
the first test with input = 1, our output would be 0. The network recognizes that thedngputot
match thedesired output and changes There are a world of ways to changebased on the
mismatch between the output and the desired output (more daténjsbut let usassumehat the
system will increase, but not all the way to &topping at 0.5.Typically, neural networks do not
changew to perfectly fit the desired output because making large changesdry often results in
instability. Now our system, witlv = 0.5, inputs 10 and output 5. It again increasesdmoves
on to the other exampled/hen it hascycledthroughthe known input/outpupairs once, this is
called anepoch Once it has gone through apoch, itgoesback to thefirst exampleand cycles
again until there is an acceptably small misfit betwadkeaof the outputs and desired outputs for all
of the known examples. In neural network programs,ctigestypically go throughall of the
known examples randomly rather than sequentially, but the idea is the same.ekample, itwill
settle in eventually onv = 2. In more realistic examples, it takesndreds to thousands of
iterations (one iteration equals an epoch) to find an acceptable set of weights.

In our nomenclature, we have the system
d=Gm
and in this examplé; = 2. The beauty of the neural networkhat it “learned” this relationship
without even having to know it formally. dlid it simply by adjusting weights until it wable to
correctly match a set of example input/output pairs.

Suppose we change our example input/output pairs to

input= 1 output= 5
10 23

-20 =37

42 87

where the output has been shifted 3 units ftbenprevious exampleYou may recognize that we
will be unable to find a single weigiMto make theoutput of our neuroequal the desired output.
This leads to the first additional element in the neuron model, callétheConsiderthe diagram
below

Neuron
Input Output
w
P—— @)
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where thebias is something added tloe weighted inpuPw before theneuron“processes” it to
make output. It is convention that the bias has an input of 1 and ahethght” (bias)b that is

to be determined in the learning process. in this example, the neuron will ‘destyréisbefore,w
= 2, and now that the bisss 3.

The next improvement to our model is to consider a neuron that has multiple inputs:

Input
R~ Neuron
. }A Olgput
Ws
— L,
1

We now introduce the nomenclature that the process of the neuron is going to be some function of

the sum of the weighted input vector and the biashat is, we describe the neuron by the function
of (P + b), where

N
Plw= F?Lwl + P2W2 +... +PNWN = Z RWi (9.27)
1=1

This is avery incompletantroduction to neural networksPerhaps someday weill add
more material.

9.4 The Radon Transform and Tomography (Approach 1)
Ay

=

9.4.1 Introduction

Consider a model span&x, y) through which a straight-line ray is parameterized by the
perpendicular distanaeand angléd. Position X, y) and ray coordinatesi,(s) are related by
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[X[J [©0s6@ -snénun

30 Bine  cose HRH (5.28)

and
cos@  sn@rxn

&B H—Slne COSQBB/E (11.18 in Mencke)

If m(x,y)is slowness (1V) model, and(u, 6) is the travel time along a ray at distance
and anglé, then

t(u,0) = J’ m(x,Yy) ds (9.29)
is known as the Radon transform (RT). Another way of stating this i§uhél is the "projection™
of m(x, y) onto the line defined by and®.

The inverse problem is: Givefu, 6) for many values ail and6, find the modein(x, y),
i.e., the inverse Radon transform (IRT).

Define a 2—D Fourier transform of the model:

2im(kx+k

(K, k) = I I m(x,y) & i dy (9.30)

2i rr(ky X +k

m(x,y) = I I Mk, k) € el dk, (9.31)

Now, define the 1-D Fourier Transform of the projection data:

f(k,.0) = I oot(u, g)e 2 kulgy (9.32)
t(,6) = [E(k,,6) Xk, (9.33)

Substituting Equation (1) into Equation (4) gives

0= a'zp(x, V) ds%e_zmkuudu (9.34)

Making a change of variablels du—> dx dyand using the fact that the Jacobian determinant is
unity we have

t(kug) m(x y)e 2|7'lku(COSQX+S|n Hy) dX dy

= ik, cosBx, k,sinBy) (9.35)
Equation (9.35) states that the 1-D Fourier transform of the projected data is equal to the
2-D Fourier transform of the model. This relationship is known as the Fourier (central) slice

228



Geosciences 567: CHAPTER 9 (RMR/GZ)

theorem because for a fixed an§eéhe projected data provide the Fourier transform of the model
slice through the origin of the wavenumber space, i.e.,

LN 0s6,
Tk, 20h, 6 fixed
%}’D 6,
u Ay Ak,
t(u, 6,) Fourier transform => Mk ky)
x . %o Ky
Now, we can invert the 2—D Fourier transform and recover the model,
m(x,y)= [ [k, (xcos6 +ysin6)] & ™" Ma dk, (9.36)
Change variables to polar coordinates gives
<] T . .
m(x,y) =J' J‘m(kwe)62|rku(xcose+y8m @|ku| dodk, (9.37)
-=J0
where | arises becaudd”, - d6|;.
e 2i7k
m(x,y) =I J'Fn(ku,e) K '™ udk,d6
O —00
T
:J'm* (k,(xcosf +ysin6),6) d@ (9.38)
0
wherem’ is obtained from the inverse Fourier transfornikgfrﬁ(ku,e).
The Radon Transform can be written more simply as
F(a,b) = I f(x, a+bx) dr (9.39)

r
shadow path model
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AY
'
/
X
>
with the inverse
f(x y)=Q(x, y) DI F(y- bx, b) dq (9.40)
q

model "rho filter" path shadows

Note the similarity of the inverse and forward transforming with a change of sign in the
argument of the integrand.

A0 (ky) Ay AY
1
o &
0
> >
rho filter model reconstructed image

9.4.2 Interpretation of Tomography Using the Radon Transform
source

N 2

' NS~~~

projection

anomaly

The resolution and accuracy of the reconstructed image are controlled by the coverage of the
sources.
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L
source )2
NS
A /L
. L
blurring >( )z Sy
A /L
Back projection with one ray Back projection with many rays

Because of this requirement for excellent coverage for a good reconstruction, the Radon
transform approach is generally not used much in geophysics. One exception to this is in the area

of seismic processing of petroleum industry data, where data density and coverage is, in general,
much better.

9.4.3 Slant-Stacking as a Radon Transform (followin@laerbout 1985)

Letu(x, t) be a wavefield. An example would be as follows.

s

vt T <

Theslant staclof the wavefield is defined by

a(p, 1) :J'u(x, T + px) dx (9.41)

The integral along is done at constamt which defines a slanting straight line in &é

plane with slopg. Note the similarity of Equation (9.41) to Equation (9.39). Equation (9.41) is a
Radon transform.

To get a better “feel” for this concept, let's step back a little and consider the travel time
equations of “rays” in a layered medium.
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X1 X2 X3 X1 Xy X3
> T I I >
X
Vi
z
Va
V: \ A

The travel time equation is

t=\/4212 +x2/v or tv? —x? =4212

(9.42)

Because the signs of tifeandx2 terms are opposite, this is an equation of a hyperbola.

Slant stacking is changing variables frosx to T —p where

T =t—px
and
p= a
dx
From Equation (9.42) (?)
2t dt V2 = 2x dx
o)
a_ x
dx Vvt

The equations simplify if we introduce the parametric substitution.

Z=vtcosf[]
x:vtsinQE
S0 x =ztanf H

(9.43)

(9.44)

(9.45)

(9.46)

Now, take the linear moveout Equation (9.43) and substituteafaix (usingp = (sin8)/

V).
Z in
T= —s—eztane
vcosB Y
y4
= —cosf
\Y;

This can be written after some substitution as

Z |
T=—+1- p?v?
v
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and finally,

(9.49)

This is an equation of an ellipsetp space All this was to show that hyperbolic curves in
t—x space transform to ellipses#p space.

> -
X p

%2

With this background, consider how the wavefield in a layer-over-halfspace slant stacks (or
Radon transforms).

source _  direct wave Wy, 1,
3 > > ——t >
reflected wave direct wave direct wave P
a ¢ head wave c b
a
headwavd V1>V ° /he\ad
wave reflected |~ head wave
wave
\ K \A A\
A couple of important features of tlzep plot are as follows:
1. Curves cross one anothet-Ht space but not im—p space.
2. Thep axis has dimensions of 1./
3. The velocity of each layer can be read fron{scurve as the inverse of the maximpm
value on its ellipse.
4, Head waves are points#p space located where the ellipsoids touch.

Returning to our original slant-stack equation,

u(p,7) =J'u(x, T + px) dx (9.41)

This equation can be transformed into the Fourier space using

Utk = [ m [ E(x,t)ei‘”t'ikxdx dt (9.50)
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Letp=k/w
U = [ i [ (x, ) e Py di (9.51)
and change of variables franto 7=t —px.

U (wp, W) :‘[ u(x, t+ px)dx%eiwrdr (9.52)

|<—(9.41)—>|

Insert Equation (9.41) to get
U (wp,w) = J’ u(p, r) €Vdr (9.53)

Think of this as a 1-D function @f that is extracted from tHe-w plane along the link = wp.

Finally, taking the inverse Fourier transform
u(p,7) = IU(Wp, w)e W dw (9.54)

This result shows that a slant stack can be done by Fourier transform operations.

1. Fourier transfornu(x, t) to U(k, w).

2 ExtractU(wp, w) from U(k, w) along the linék = wp.
3. Inverse Fourier transform fromtot.

4. Repeat for all interesting valuespf

Tomography is based on the same mathematics as inverse slant stacking. In simple terms,
tomography is the reconstruction of a function given line integrals through it.

The inverse slant stack is based on the inverse Fourier transform of Equation (9.50),

u(x.t) = I i a’oﬁ(k,w)e‘kxdkge“w‘dw (9.55)

substitutingk = wp anddk =wpd Notice that whew is negative, the integration withp is from
positive to negative. To keep the integration in the conventional sense, we intngduce |

= [ m a’g (Wp,w) Wi eiWPXdpEe‘iW‘dw (9.56)

Changing the order of integration gives
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u(x,t) = I m @J':[U(Wp,w)ei"”px w] e““‘dw@e‘iw‘dp (9.57)

Note that the term in {} contains the inverse Fourier transform of a product of three
functions of frequency. The three functions are{yp, w), which is the Fourier transform of the
slant stack, (2¢WPX which can be thought of as a delay operator, and/j3)¥hich is called the
“rho” filter. A product of three terms in Fourier space is a convolution in the original space. Let
the delaypx be a time shift in the argument, so,

u(x,t) = rho(t) DJ'U( p, t— px) dp (9.58)

This is the inverse slant-stack equation. Comparing the forward and inverse Equations
(9.41) and (9.58), note that the inverse is basically another slant stack with a sign change.

a(p,1) :J'u(x, T + px) dx (9.41

u(x,t) = rho(t) DJ' a(p, t— px) dp (9.58

9.5 Review of the Radon Transform (Approach 2)

If m(X, y) is a 2-D slowness (v model, and(u, 6) is the travel time along a ray
parameterized by distanaeind angled, then

t(u, 6) = I m(x, y) ds isthe Radon transform (9.59)

The inverse problem is: Givefu, 6) for many values afl and6, find the modem(x, y).
Take the 1-D Fourier transform of the projection data,

f(k,,0) = J':t(u, g)e 2 kulgy (9.60)

Substitute Equation (9.59),
f(k,,0) = I I_ m(x, y) ds e 2% udy (9.61)

Change variableds du—> dx dy
f(k,,0) = I J’ m(x, y) e 2 ku(Cosxrsin &)y gy (9.62)

Recognize that the right-hand side is a 2-D Fourier transform:
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ik, ky)=J' I m(x, y) e 2" Ky gy (9.63)
So

f(k,,0) = m(k, cosBx, k,siny)

(9.64)

In words: “The 1-D Fourier transform of the projected data is equal to the 2-D Fourier
transform of the model evaluated along a radial line ifk¢Hg space with anglé.”

u Ay Ak,

t(u, 6,) Fourier transform => m(ky, ky)

k 2 % Ky
<>

DN N >

If the Radon transform is known for all values wf), then the Fourier transform image of
mis known for all values ol 8). The modei(x, y) can then be found by taking the inverse
Fourier transform ofm(k,, K, ).

Slant-stacking is also a Radon transform. ugett) be a wavefield. Then the slant-stack is

>
X

dope=p  °(p,1) :J'u(x, T + px) dx (9.65)

Now, consider a simple example of reflections in a layer.

236



Geosciences 567: CHAPTER 9 (RMR/GZ)

Travel time {—X) equation is: Slant-stack§—7 ) equation is:
IZVZ—)_(2:ZZ (T /X)2+p2:1/v2
hyperbolas ellipses
>
> P
Vi Ve

With this background, consider how the “complete” wavefield in a layer slant-stack:

source direct wave W, Uy,
k | > >X ? T /  d
reflected wave direct wave direct wave P
Yo 3 ¢ head wave C b
a
heedwavd V1>V > /he\ad
wave reflected |~ headwave
wave
V2 \A \ Al

Thep-1 equation can be transformed iktew space by a 2-D Fourier transform:
U(k, w) = J‘ I u(x, t)e" ™ dt (9.66)

The inverse slant-stack (IRT) is based on the inverse Fourier transform of the above
eguation,

u(x, t) = I ) I oﬁ(k, w)e'*dx e M dw (9.67)

Substitutek = wpanddk =w dp Notice that whew is negative, the integral with respectifois
from +to —. To keep the integration in the conventional sense, intraguce |

u(x, t) :J’oo ﬁ'a(wp, w) Wi ei""pxdpﬁe_i""tdw (9.68)

Changing the order of integration,
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00 00 , . ]
u(x, t) =J' %’U(Wp, w) e'"WPx |W|§e"‘”tdwmdp (9.69)
) —00 |:|
The term in { } contains an inverse Fourier transform of a product of three functians of
1. U(wp,w) is the Fourier transform of the slant-stack evaluat&d-atp. So, the slant-stack
is given by
U@LHZI€MWWWJWWV (9.70)
2. TheeWpX term can be thought of a delay operator wheré — px

3. The | term is called the “rho” filter.

Now we can rewrite the above equation as

u(x, t) =rho(t) DJ'U( p, t—px) dp Inverse Radon Transform (9.71)

Compare with

u(x, 1) :J'u(x, T +px) dx Radon Transform (9.41)

9.6 Alternative Approach to Tomography

An alternative approach to tomography is to discretize the travel time equation, as follows.

AY

oY= o 072

di
t:Imd (9.73

X
>

With some assumptions, we can linearize and discretize this equation to
t = erbmo (9.74)

where t, = travel time of theth ray
my = slowness of thbth block
lp = length of theth ray segment in thieth block.
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In matrix form,
d=Gm Ahal! (9.75)

We know how to solve this equation. But what if we have a 3—D object with 100 blocks on a side?

ThenM = (1008 = 1, and everGTG is a matrix withM2 elements, or ~23. Try throwing that
into your MATLAB program. So what can we do?

Let's start at the beginning again.

d=Gm (9.75)
GTd =GTGm (9.76)
| R |

In a senseGT is an approximate inverse operator that transforms a data vector into model
space. Also, in this respe@/G can be thought of as a resolution matrix that shows you the
“filter” between your estimate of the mod@ld, and the real modet). Since the ided® =1,

let's try inverting Equation (9.76) by using only the diagonal elemer@Gf Then the solution
can be computed simply.

DN U]
DZ.. 0 0 0O
D|:1 U .
ON H B
0 O 0 O
Ez. 00 0 0 g
=1 (=0 Om (9.77)
O . OO O '
0 0noo 0 0 O
0 00 O
N N
O 0O O
oy iytio o O 0 0 zliZMD
=1 E E =1 D
o)
N
lipt;
my, = =% " tomographic approximation" (9.78)
12
b

1=1
Operationally, each ray is back-projected, and at each block a ray hits, the contributions to

the two sums are accumulated in two vectors. At the end, the contents of each element of the
numerator vector are divided by each element of the denominator vector. This reduces storage

requirements to M instead oM?2,

Let's see how this works for our simple tomography problem.
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1 2
> 1 o EiN
%)D 0
form=U0 d=00 (9.79)
3 4 [0 [0
> 0 bF 0
O 0
1 0
0% O 1 1 0 0p 20
R 0 0 00
Ho M 0 1 10 A0
m, =245 G6=0 0 G'd=00 (9.80)
010 1 0 1 0O a0
U4 O 0 0 00
01 [
B2 0 B 10 1F E)S
Fits data
@ 1 1 0g @ 0 0 0O
0 O 0 O
1 2 0 10 M 2 0 0O
G'G=0 0 [G'Gly=0 0 (9.81)
o 0 2 10 0 0 2 o0
O O O O
B 1 1 28 B 0 0 28
The approximate equation is
20 @2 0 0 0O 0o
00 O O O
a0 O 2 0 0O 0
O0=0 Om0O O (9.82)
A0 0 2 0O O
00 O O *0

&
i)
2=
o
o
N
i)
p=
i)

Not bad, but this does not predict the data. Can we improve on thus? Yes! Following
Menke, develop an iterative solution.

[GTGIm =GTd (9.83)
[l =1 +GTG]m =GTd (9.84)
m—[l —GTG]m =GTd (9.85)

SO
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mest) = GTd + [| —GTG]mesti-1) (9.86)
[Menke’s Equations (11) and (24)]

A slightly different iterative technique,
m( =D-1GTd + [D —GTG]m(k-1) (9.87)

whereD is the diagonalize@TG matrix. Then fom©=0,m1=D-1GTd is the “tomographic
approximation” solution.

These are still relatively “rudimentary” iterative techniques. They do not always converge.
Ideally, we want iterative techniques to converge to the least squares solution. A number of such
techniques exist and have been used in “tomography.” They include the “simultaneous iterative
reconstruction techniques,” or SIRT, and LSQR. See the literature.

This chapter is only an introduction to continuaugerse theory, neural networlend the
Radon transform.The referencesited at thebeginning of the chapter are awrcellent place to
begin a deeper study of continuangerseproblems. The Backus—Gilbert approach provides one
way to handle the construction (i.e., finding a solution) and appftaesalwhat do we really know
about the solution) phases of a continuous inverse analysis. In this sensardlesiesthat were
covered in detail in thehapters on discrete invergeoblems. Forall the division between
continuous and discretaverse practionergcontinuousinversetypes havebeen known to look
down theirnoses atiscrete types sayinthat they'renot doing aninverse analysis, but rather
parameter estimation; conversely, disctgfees sneer and sdlyat continuous applicationare too
esoteric and don't really woklery often anyway), we havehown in thischapter that thgoals of
constructing (finding) a solution and appraisingri¢ universal between the tapproaches. We
hope to add more material on these topics Real Soon Now.
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